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The problem of existence of soliton solutions in a diffraction managed NLS
is considered in the case of zero mean diffraction. Existence of localized
breather solutions for the averaged equation is shown using Ekeland’s var-
iational principle in the corresponding minimization of the Hamiltonian pro-
cedure. The corresponding minimizer is shown to be spatially well-localized
and orbitally stable.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Over the last several decades optical solitons have become a promising
candidate for optical communication networks. Solitons are localized
coherent structures, resulting from a balance of dispersive and nonlinear
effects. Ever since 1960 when they were discovered and studied in the
works of Zabusky and Kruskal, Zakharov and Shabat, Lax, Miura et al.
and many others, optical spatial solitons have become one of the most
exciting research areas in optics and nonlinear science. The equation, used
to model the electromagnetic wave propagation in an optical waveguide is
the nonlinear Schrödinger equation. In the last two decades, a technique
that uses fibers with alternating sections having opposite dispersion was
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introduced. This technology, called dispersion management, proved to be
incredibly successful in producing stable, soliton-like pulses. The idea is
to use rapidly varying dispersion with approximately zero mean and small
nonlinearity in hope that the balance between the small residual disper-
sion and the small nonlinearity will produce a soliton-like solutions. The
equation that describes this problem is a variable-coefficient NLS equa-
tion usaly called dispersion managed NLS (DMNLS). There have been
an enormous amount of technological advances in this direction and now
there is a fully established theoretical understanding of the strong stabil-
ity properties of the dispersion managed (DM) systems, see [8,9,11–15,19,
23]. At the same time, discrete systems have found many applications in
nonlinear optics. In discrete networks such as coupled waveguide arrays a
balance of diffraction term that comes from the weak coupling between
neighboring waveguides and the nonlinearity can produce discrete soli-
tons. As in the case of continuous NLS and dispersion management, the
technological motivation to study systems with varying diffraction is to
achieve low power coherent structures. This emerging technology, called
diffraction management, uses the geometry of the waveguide arrays to
achieve periodic altering of the diffraction coefficient with a desired aver-
age diffraction. This technology was studied experimentally, see [4–6]. As
in the continuous media, localized stable nonlinear waves are also found
in the discrete case. They were first demonstrated numerically and then
subsequently analyzed using the discrete nonlinear Schrödinger equation
[2,16,17]. The model for a one-dimensional diffraction managed waveguide
array is given by (see for example [16])

i
∂un

∂ξ
+
(

d̃(ξ/ε)

ε
+ d̄

)
k(�du)n + (|u|2u)n =0, (1)

where the total diffraction is given as a sum of a large rapidly varying
component d̃(ξ/ε)/ε and a small average component d̄, and ε is a small
positive parameter. As usual ξ is the distance down the waveguide, n-the
location of the array element, k = 1/2h2, h > 0 is the lattice spacing and
�d is the discrete Laplacian,

(�du)n =
d∑

j=1

(un+ej
+un−ej

−2un).

Following the well established procedure for the continuous case [23], an
averaged equation is constructed, for which stable ground state solutions
are proven to exist using minimization of an associated Hamiltonian. The
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Hamiltonian corresponding to this averaged equation is given by

〈H 〉= ε

⎛
⎝d̄k(−�dv, v)− 1

2

1∫
0

∞∑
n=−∞

|(eiz�d v)n|4dz

⎞
⎠ .

In [16,17] the problem of constructing constrained minimizers of this
Hamiltonian is studied in the case of nonnegative average dispersion and
the existence of breather solitons is shown using a discrete version of
Lion’s concentration compactness principle. In this paper we concentrate
on the case when the average dispersion has zero mean and we pro-
vide a shorter proof of the existence of constrained minimizers of the
Hamiltonian. Another advantage of our method is that it allows us to
show that the minimizing sequence is spatially well-localized and this is
the main contribution of this paper.

Similarly to [19], in the case of zero mean dispersion we have to
study the following minimization problem. Find a minimizer v with a fixed
l2-norm λ for the functional ϕ(v).

ϕ(v)=−
1∫

0

∞∑
n=−∞

|(eiz�d v)n|4dz→min

subject to ‖v‖l2 =λ.

(2)

We prove the following theorem.

Theorem 1. For every λ>0, the minimization problem (2) has a solu-
tion v. The minimizer v is spatially well-localized in the sense that for every
N , there exists a constant CN , so that |vm|�CN(1+|m|)−N . Moreover, it is
orbitally stable.

2. PRELIMINARIES

We use the sequence Banach spaces lp(Zd), 1�p�∞, equipped with
the norm
‖v‖lp = (

∑
n∈Zd |vn|p)1/p. Note that ‖·‖lq �‖·‖lp for 1�p �q �∞.

2.1. Representation of �d and eit�d on l2(Zd)

Following [16,20], we derive a formula for the action of the generator
�d and the semigroup eit�d on l2(Zd). We define the shift operator in the
j th coordinate Sj: l2(Zd)→ l2(Zd) (and its adjoint ) by

(Sj v)(n1, . . . , nd)=v(n1, . . . , nj −1, . . . , nd),

(S∗
j v)(n1, . . . , nd)=v(n1, . . . , nj +1, . . . , nd).
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In this setting the discrete Laplacian can be written using the shift opera-
tors as

�d(v)=
d∑

j=1

(Sj +S∗
j −2Id)(v)

for every sequence v ∈ l2(Zd). We now recall some basic facts regarding
the (discrete) Fourier transform. Associate to the sequence v = (vn)n∈Zd ∈
l2(Zd) its discrete Fourier transform

f (x)=
∑
n∈Zd

vne
2πi〈n,x〉 ∈L2([0,1]d).

One can of course recover the coefficients vn from the function f via the
inverse discrete Fourier transform

vn =
∫

[0,1]d

f (x)e−2πi〈n,x〉dx.

The Parseval formula simply states that the mapping v→f is an isometry
between l2(Zd) and L2([0,1]d).

Using the one-to-one correspondence between v and f , we deduce the
following formulas for the shift operator

(Sjf )(x)= e2πixj f (x),

(S∗
j f )(x)= e−2πixj f (x).

It follows that (on the level of the Fourier transforms f (x))

�df (x)=
d∑

j=1

(e2πixj + e−2πixj −2)f (x)=−4
d∑

j=1

sin2(πxj )f (x),

eit�d f (x)= e
−4it

d∑
j=1

sin2(πxj )

f (x)

In the sequence setup, one derives

(eit�d v)n =
∑

m∈Zd

vm

∫
[0,1]d

e
−4it

d∑
j=1

sin2(πxj )

e2πi〈m−n,x〉dx. (3)

Using the fact that F : L2([0,1]d)→ l2(Zd) is an isometry together with its
inverse and taking v =F−1f yields∥∥eit�d v

∥∥
l2(Zd )

=∥∥eit�d f
∥∥

L2([0,1]d )
=∥∥f ∥∥

L2([0,1]d )
=∥∥v∥∥

l2(Zd )
, (4)

that is eit�d is an isometry on l2(Zd) as well.
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The following lemma is elementary, but it will be very useful.

Lemma 1. For every integer N , there exists a constant CN,d , so that
for every bounded sequence v one has

|(eit�d v)n|�CN,d max(1, t)N
∑

m∈Zd

|vm|
(1+|m−n|)N . (5)

In particular, every bounded sequence is mapped in a bounded one via eit�d .

Proof. Taking absolute values in (3) allows one to reduce the proof to∣∣∣∣∣∣∣
∫

[0,1]d
e
−4it

d∑
j=1

sin2(πxj )

e2πi〈m−n,x〉dx

∣∣∣∣∣∣∣�CN,d max(1, t)N (1+|m−n|)−N.

If m=n, the estimate is obvious by taking absolute values inside the inte-
gral, while for n 	=m, we integrate by parts (note that the boundary terms
disappear by the one periodicity of the integrand), gaining as many factors
of |m−n|−1 as we wish (and paying for each integration by parts with fac-
tors of magnitude less than Cdt ).

2.2. Littlewood–Paley Projections in the Discrete Setting

Introduce the linear operator Pl : l2(Zd)→ l2(Zd) by

Pl(v)=
2l+1−1∑
|n|=2l−1

vnen

that is Pl is a projection onto span{en,2l−1 � |n|<2l+1}.
Similarly, Pl,l+j (v)=∑2l+j+1−1

|n|=2l−1 vnen and P>l =Pl,∞. We also need the
following technical lemma.

Lemma 2. For every integer N > d + 1, there exists a constant C =
C(N,d), so that for every sequence z∈ l2(Zd) and for every 0<t <1,

∥∥Pl(e
it�d z)

∥∥
l2

�C
(

2−lN‖z‖l2 +∥∥Pl−2,l+2z
∥∥

l2

)
. (6)

Proof. From (3) and Lemma 1

|(eit�d z)n|�CN

∑
m

|zm|(1+|m−n|)−N.
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Hence,

∥∥∥Pl(e
it�d z)

∥∥∥2

l2
� CN

∑
2l−1�|n|�2l+1

(∑
m

|zm|(1+|m−n|)−N

)2

� CN

∑
2l−1�|n|�2l+1

⎛
⎝ ∑

2l−2�|m|�2l+2

|zm|(1+|m−n|)−N

⎞
⎠

2

+CN

∑
2l−1�|n|�2l+1

⎛
⎝ ∑

|m|/∈[2l−2,2l+2]

|zm|(1+|m−n|)−N

⎞
⎠

2

.

For the first term on the right, by Cauchy–Schwartz and for N >d +1,

∑
2l−1�|n|�2l+1

⎛
⎝ ∑

2l−2�|m|�2l+2

|zm|(1+|m−n|)−N

⎞
⎠

2

�
∑

2l−1�|n|�2l+1

∑
2l−2�|m|�2l+2

|zm|2(1+|m−n|)−N

×
∑

2l−2�|m|�2l+2

(1+|m−n|)−N

�CN,d

∑
2l−1�|n|�2l+1

∑
2l−2�|m|�2l+2

|zm|2
(1+|m−n|)N

�CN,d

∑
2l−2�|m|�2l+2

|zm|2,

while for the second term,

∑
2l−1�|n|�2l+1

⎛
⎝ ∑

|m|/∈[2l−2,2l+2]

|zm|(1+|m−n|)−N

⎞
⎠

2

�
∑

2l−1�|n|�2l+1

∑
|m|/∈[2l−2,2l+2]

|zm|2
∑

|m|/∈[2l−2,2l+2]

(1+|m−n|)−2N

�CN,d2ld
∑

|k|�2l

(1+|k|−2N)‖z‖2
l2

�CN,d2ld2−l(2N−d)‖z‖2
l2

�CN,d22l(d−N)‖z‖2
l2
.

The lemma is proved, if one selects sufficiently large N .

As a corollary of Lemma 2, we need
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Corollary 1. Let z1, z2, z3 ∈ l2(Zd). Then∥∥∥Pl [(eit�d z1)(e
it�d z2)(e

it�d z3)]
∥∥∥

l2
� C(2−lN max

1�j�3

∥∥zj

∥∥3
l2

+ max
1�j�3

∥∥Pl−2,l+2zj

∥∥3
l2
)

Proof. We have∥∥∥Pl [(eit�d z1)(e
it�d z2)(e

it�d z3)]
∥∥∥

l2

�

⎛
⎝ ∑

2l−1�|n|�2l+1

|(eit�d z1)n|2|(eit�d z2)n|2|(eit�d z3)n|2
⎞
⎠

1/2

�C

∥∥∥Ple
it�d z1

∥∥∥
l6

∥∥∥Ple
it�d z2

∥∥∥
l6

∥∥∥Ple
it�d z3

∥∥∥
l6

�C

3∏
j=1

∥∥∥Ple
it�d zj

∥∥∥
l2
.

According to Lemma 2, one gets

∥∥∥Pl [(eit�d z1)(e
it�d z2)(e

it�d z3)]
∥∥∥

l2
�CN

3∏
j=1

(2−lN
∥∥zj

∥∥
l2

+∥∥Pl−2,l+2zj

∥∥
l2
).

Expand the product. Estimate all terms containing 2−lN by CN,d2−lN

max1�j�3
∥∥zj

∥∥3
l2

. The remaining term is clearly smaller than max1�j�3∥∥Pl−2,l+2zj

∥∥3
l2

.

Clearly, Corollary 1 may be stated and proved with any finite number
of terms z1, . . . , zm, but that will not be necessary in our argument.

The next lemma states precise conditions for precompactness of a
sequence in lp.

Lemma 3. The sequence {um} is precompact in lp(Zd), 1 < p < ∞ if
and only if

• supm ‖um‖lp �C <∞
• lim

N→∞
lim sup
m→∞

(
∑

|j |>N

|um
j |p)1/p =0.

Proof. The proof of this result is standard, see for example Theorem 3.1
[22].
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3. PROOF OF THEOREM 1

To prove the theorem we first need to show that inf‖v‖
l2 =λ ϕ(v)>−∞.

This is in fact easy to check, since

∑
n

1∫
0

|(eit�d v)n|4dt � sup
t∈(0,1)

∥∥∥eit�d v

∥∥∥4

l4
� sup

t∈(0,1)

∥∥∥eit�d v

∥∥∥4

l2
=‖v‖4

l2
=λ4,

which implies ϕ(v)�−λ4

By Ekeland variational principle (see [12,14,19] for a similar argu-
ment in the continuous case), there exists a constant c 	= 0 (a “Lagrange
multiplier”) and a sequence um :‖um‖l2 =λ, so that

lim
m

∥∥cum +ϕ′(um)
∥∥

l2
=0. (7)

Here ϕ′(um) is the Gateaux derivative of the nonlinear functional ϕ eval-
uated at um. The precise formula for ϕ′(v) is easy to compute (see [16] for
the discrete case and [14,19] for the continuous case). Namely,

ϕ′(v)=−
1∫

0

e−it�d (|eit�d v|2eit�d v)dt. (8)

{um} on the other hand is what is reffered to as a “minimizing sequence”
for the problem. Next, we need a lemma.

Lemma 4. Let u, v ∈ l2(Zd). There exists a constant C, so that

|ϕ(u)−ϕ(v)|�C‖u−v‖l2(‖u‖3
l2

+‖v‖3
l2
).

Proof. Start with

|ϕ(u)−ϕ(v)| �
1∫

0

∞∑
n=−∞

(|(eit�d u)n|4 −|(eit�d v)n|4)dt

�
1∫

0

∞∑
n=−∞

(|(eit�d u)n|− |(eit�d v)n|)(|(eit�d u)n|

+ |(eit�d v)n|)(|(eit�d u)n|2 +|(eit�d v)n|2)dt

� sup
t

(

∥∥∥eit�d u

∥∥∥2

l4
+
∥∥∥eit�d v

∥∥∥2

l4
)(

∥∥∥eit�d u

∥∥∥
l4

+
∥∥∥eit�d v

∥∥∥
l4
)

∥∥∥eit�d (u−v)

∥∥∥
l4
.
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Now use that
∥∥eit�d u

∥∥
l4

�
∥∥eit�d u

∥∥
l2

�‖u‖l2 to get that

|ϕ(u)−ϕ(v)|�C‖u−v‖l2(‖u‖3
l2

+‖v‖3
l2
).

Based on Lemma 4, it is easy to see that if we manage to show that
for a subsequence {umk } ‖umk −u‖l2 →0, then ‖u‖l2 = limk ‖umk‖l2 =λ and

|ϕ(umk )−ϕ(u)|�C
∥∥umk −u

∥∥
l2
(
∥∥umk

∥∥3
l2

+‖u‖3
l2
)�Cλ3∥∥umk −u

∥∥
l2
.

implying that ϕ(u)= inf‖v‖
l2 =λ ϕ(v), that is u solves the problem.

3.1. The Minimizing Sequence um has a Strongly Convergent Subsequence

In this section we will show that indeed ‖umk −u‖l2 →0 for some sub-
sequence {umk }k of {um}. Our approach will be similar to [19], namely it
will make use of the dispersive estimates directly, rather than using the
concentration compactness techniques employed by Moeser [16] (for the
case of positive average dispersion) and by Kunze [12] in the continuous
case.

First, since the sequence {um} is uniformly bounded, pick a weakly
convergent subsequence (denote again by {um}) with weak limit u. In par-
ticular, for every j ∈Zd , um

j →uj .
Denote gm =cum +ϕ′(um). By construction ‖gm‖l2 →0. Apply Pl to it and
solve for Pl(u

m). We get (after some constant renaming)

Plu
m =CPlg

m +C1Pl(ϕ
′(um)). (9)

We first need an estimate for
∥∥Pl(ϕ

′(um))
∥∥

l2
. Denote

z(t)= (|eit�d um|2eit�d um)∈ l2(Zd). We get by (8) and Lemma 2∥∥Pl(ϕ
′(um))

∥∥
l2

� sup
0�t�1

∥∥∥Pl(e
−it�d (z(t)))

∥∥∥
l2

�CN sup
0�t�1

(
2−lN‖z(t)‖l2

+∥∥Pl−2,l+2z(t)
∥∥

l2

)
.

But

‖z(t)‖l2 �C

∥∥∥eit�d um
∥∥∥3

l6
�C

∥∥∥eit�d um
∥∥∥3

l2
=C

∥∥um
∥∥3

l2
,

while by Corollary 1∥∥Pl−2,l+2z(t)
∥∥

l2
�C

(
2−lN

∥∥um
∥∥3

l2
+∥∥Pl−4,l+4u

m
∥∥3

l2

)
.
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Thus, taking l2 norms in (9) yields

∥∥Plu
m
∥∥

l2
� C

∥∥Plg
m
∥∥

l2
+C1

∥∥Pl(ϕ
′(um))

∥∥
l2

� C
∥∥Plg

m
∥∥

l2
+CN 2−lN

∥∥um
∥∥3

l2
+C

∥∥Pl−4,l+4u
m
∥∥3

l2

� C
∥∥gm

∥∥
l2

+CNλ32−lN +C
∥∥Pl−4,l+4u

m
∥∥3

l2
.

In short, we have the estimate

∥∥Plu
m
∥∥

l2
�C

∥∥gm
∥∥

l2
+CNλ32−lN +C

∥∥Pl−4,l+4u
m
∥∥3

l2
. (10)

The right-hand side clearly has a limit as m → ∞. Indeed, by con-
struction ‖gm‖l2 → 0 and by the weak convergence: um

j → uj , whence∥∥Pl−4,l+4u
m
∥∥

l2
→∥∥Pl−4,l+4u

∥∥
l2

(for a fixed l!). We get

lim sup
m

∥∥Plu
m
∥∥

l2
�CNλ32−lN +C

∥∥Pl−4,l+4u
∥∥3

l2
. (11)

The quantity to consider by Lemma 3 is liml lim supm

∥∥P�lu
m
∥∥

l2
. So we

estimate by using (11) with N =1

lim sup
m

∥∥P�lu
m
∥∥

l2
�

∞∑
j=0

lim sup
m

∥∥Pl+j u
m
∥∥

l2

� Cλ3
∞∑

j=0

2−l−j +C

∞∑
j=0

∥∥Pl+j−4,l+j+4u
∥∥3

l2

� Cλ32−l +C1

⎛
⎝ ∑

s�l−4

‖Psu‖3
l2

⎞
⎠

� Cλ32−l+C1(
∑

s�l−4

‖Psu‖2
l2
)3/2=Cλ32−l+C2

∥∥P�l−4u
∥∥3

l2
.

Take lim supl on both sides of the resulting inequality and taking into
account that for a fixed u ∈ l2, the tail P�lu → 0 in l2 sense (i.e.∥∥P�lu

∥∥
l2

→0)

lim
l

lim sup
m

∥∥P�lu
m
∥∥

l2
�C2 lim

l

∥∥P�l−4u
∥∥3

l2
=0.

By Lemma 3, we conclude that {um} is a precompact sequence and the
existence part of Theorem 1 is established.



Diffraction Managed Solitons 305

3.2. The Solution u is Spatially Well-localized and Orbitally Stable

To show that |um|�CN(1+|m|)−N , it suffices to show that ‖Plu‖l2 �
CN 2−lN for every integer N and for some constant CN (which may also
depend on λ).

This is done by taking the limit in (11) as m → ∞. We have (even
without the l2 convergence umk →u established in the previous section)

‖Plu‖l2 �CNλ32−lN +C
∥∥Pl−4,l+4u

∥∥3
l2
.

Denote al :=‖Plu‖l2 . It follows that for every δ>0, there exists a bounded
set Aδ ⊂N, so that whenever l ∈N \Aδ,

∥∥Pl−4,l+4u
∥∥

l2
� δ. Thus, it follows

that for every l ∈N \Aδ

al �CNλ32−lN +Cδ2(al−4 +· · ·+al+4).

Take the constant BN = 2(CN + λ−2 maxl∈Aδ 2lN ). Since maxl∈Aδ al � λ �
BNλ32−lN/2, we actually have that

al �BNλ32−lN +Cδ2(al−4 +· · ·+al+4)

is satisfied for all l �0. At this point we need the following lemma

Lemma 5. Let N >0. Then there exists a constant κ0 =κ0(N), so that
whenever 0<κ <κ0, the sequence al ∈ l2 and 0<al �C2−lN +κ(al−4 +· · ·+
al+4), for all positive integers l, one has

ak �CN,k0(1+‖{al}‖l2)2
−kN ,

for all k >0.

This is Lemma 9 in [19]. From the lemma, we have for all k >0

ak �CN(1+‖{al}‖l2)2
−kN =CN(1+λ)2−kN .

It follows that if one chooses an appropriate δ = δ(N), we have the bound

ak �DN,λ2−kN

and we have established the spatial localization property.
The orbital stability of a constrained minimizer of the Hamiltonian is

classical and easy to show property. The solution is orbitally stable in the
l2-sense and in the class of ground states. That is if Sλ is the set of ground
states whose l2-norm is λ, then vg(z)=eiωzv∗, where v∗ is the minimizer is
an orbitally stable solution of the averaged equation. In particular, if vk(0)

is a sequence of initial data for the averaged equation with

inf
Sλ

∥∥vk(0)−vg(0)
∥∥

l2
� ε,
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then

inf
Sλ

∥∥vk(z)−vg(z)
∥∥

l2
� ε

for all z� 0. See, for example [16] for the proof in the case of diffraction
managed NLS.

ACKNOWLEDGMENT

Supported in part by NSF-DMS 0508184.

REFERENCES

1. Ablowitz, M.J., and Biondini, G. (1998). Multiscale pulse dynamics in communication
systems with strong dispersion management. Opt. Lett. 23.

2. Ablowitz, M., and Musslimani, Z. (1993). Discrete diffraction managed solitons. Phys.
Rev. Lett. 87, 254102.

3. Cazenave, T. (1993). An introduction to Nonlinear Schrödinger Equations. UFRJ, Rio de
Janeiro, Brazil.

4. Christodoulides, D., and Joeseph, R. (1988). Discrete self-focusing in nonlinear arrays of
coupled waveguides. Opt. Lett. 13, 794–796.

5. Eisenberg, H., Silverberg, Y., Mourandotti, R., Boyd, A., and Aitchison, J. (1998). Dis-
crete spatial optical solitons in waveguide arrays. Phys. Rev. Lett. 81, 3383–3386.

6. Eisenberg, H., Silverberg, Y., Mourandotti, R., and Aitchison, J. (2000). Diffraction man-
agement. Phys. Rev. Lett. 85, 1863–1866.

7. Foschi, D. Maximizers for the Strichartz inequality. http://www.arxiv.org/abs/math.AP/
0404011.

8. Gabitov, I., and Turitsyn, S.K. (1996). Averaged pulse dynamics in a cascaded transmis-
sion system with passive dispersion compensation. Opt. Lett. 21, 327–329.

9. Gabitov, I., and Turitsyn, S.K. (1996) Breathing solitons in optical fiber links. JETP Lett.
63, 861.

10. Ginibre, J., and Velo, G. (1985). The global Cauchy problem for the nonlinear Schrödinger
equation revisited. Ann. Inst. H. Poincar Anal. Non Linaire 2(4), 309–327.

11. Kunze, M. (2001). Bifurcation from the essential spectrum without sign condition on the
nonlinearity. Proc. Roy. Soc. Edinburgh Sect. A 131(4), 927–943.

12. Kunze, M. (2004). On a variational problem with lack of compactness related to the
nonlinear Schrödinger equation. Calc. Var. Partial Differential Equations 19(3), 307–336.

13. Kunze, M. (2003). The singular perturbation limit of a variational problem from
nonlinear fiber optics. Phys. D 180(1–2), 108–114.

14. Kunze, M. (2003). Infinitely many radial solutions of a variational problem related to
dispersion managed optical fibers. Proc. Amer. Math. Soc. 131(7), 2181–2188 (electronic).

15. Kunze, M. (2003). On the existence of a maximizer for the Strichartz inequality. Comm.
Math. Phys. 243, 137–162.

16. Moeser, J. (2005). Diffraction managed solitons:asymptotic validity and excitation thresh-
olds. Nonlinearity 18, 2275–2297.

17. Panayotaros, P. (2005). Breather solutions in the diffraction managed NLS equation.
Physica D 206, 213–231.



Diffraction Managed Solitons 307

18. Staffilani, G. (1997). On the growth of high Sobolev norms of solutions for KdV and
Schrdinger equations. Duke Math. J. 86(1), 109–142.

19. Stanislavova, M. (2005) Regularity of ground state solutions of dispersion managed non-
linear Schrödinger equations. Journal of Diff. Eq. 210, 87–105.

20. Stefanov, A., and Kevrekidis, P. (2005). Asymptotic behavior of small solutions for the
discrete nonlinear Schrödinger and Klein-Gordon equations. Nonlinearity 18, 1841–1857.

21. Tao, T. (2001). Multilinear weighted convolution of L2-functions, and applications to
nonlinear dispersive equations. Amer. J. Math. 123(5), 839–908.

22. Wang, B. (2006). Dynamics of systems of infinite lattices. J. Diff. Eq. 221, 224–245.
23. Zharnitsky, V., Grenier, E., Jones, C.K.R.T., Turitsyn, S. (2001). Stabilizing effects of

dispersion management. Phys. D 152/153, 794–817.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


