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Abstract

We study time decay of the energy for the one dimensional damped Klein-Gordon
equation. We give an explicit necessary and sufficient condition on the continuous
damping function y > 0 for which the energy

o0
E@) = / i+ Jul? + Juy Pdx

—0o0

decays, whenever (1(0), u;(0)) € H*>(R) x H'(R).

Mathematics Subject Classification 35B35 - 35B40 - 35G30

1 Introduction

The main object of study is the following damped Klein-Gordon equation

U +y(uy —uxy +u=0. (x,1) e RxR 1)
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where y (x)u; represents a damping force proportional to the velocity u,. This is a
standard model in the theory. In the case y (x) = const., one can easily see that the
energy function

o0
E<u>==/1 x4 lul? + e P,

—00

has an exponential decay as t — oo. Thus a natural question to ask is the following:
under what conditions on y(x) > 0, one can still guarantee such exponential (or
slower algebraic) decay. This question was intensely researched in the last ten years.
We present a brief (and definitely incomplete) overview of the recent results.

In this direction, Burq and Joly have recently proved in [6] exponential rate of
decay of the semigroup under the geometric control condition (GCC) in a sense that
there exist 7, € > 0, such that fOT y (x(2))dt > € along every straight line unit speed
trajectory thus extending the previous work of Bardos, Lebeau, Rauch, and Taylor
[2,3,14] of compact manifold to the whole space RY. Notice that in [6] the authors
also require additional uniform continuity requirement on the damping coefficient y in
order to use pseudo-differential calculus. The authors also provide counter examples
[6](see fig 1c) where exponential decay is expected but regularity hypothesis of GCC
failed badly. However this is not in the case of compact manifold where this assumption
is automatically true.

In the absence of geometric control condition, the same authors of [6] also provide
a weaker hypothesis, namely network control condition where the damping coefficient
y (x) is strictly positive on a family of balls whose dilates cover R" under which the
solution of damped wave equation decays with logarithmic rate (still without loss of
regularity). For a fixed periodic damping, Wunsch proved in [16] that without any
geometric condition there is at least a polynomial (certainly not optimal) decay (with
loss of regularity).

One can observe that in the case of compact manifold (see [1,5,12,15] and references
therein) the decay rate of the semigroup of damped wave equation highly depends
on the way the damping coefficient y vanishes. Several sharp result are obtained in
different settings. One should expect the same in the case of non compact setting.
However, it is not clear in this case what is the optimal form of a damping coefficient
which will ensure that one can expect exponential (or algebraic) energy decay to the
solution of (1). The purpose of this paper is to find optimal conditions on the damping
coefficient y under which the exponential decay holds. In fact, we are able to provide
a simple to verify necessary and sufficient condition for such an exponential decay.

1.1 Semigroup representations and some previous results

We begin by recasting (1) as an abstract Cauchy problem. Define U = (u, u;) ", then
Eq. (1) can be written as a dynamical system in the following form

0 1
b= a= (" ) @
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The operator A is defined on a Hilbert space H = H I(R) x L?(R), with domain
H*(R) x H'(R). It is well-known that if the damping y > 0 is bounded, this defines
a semigroup 7 (¢) (see [11]). In fact, T (¢) is a semigroup of contractions.

The following is the main result of the article.

Theorem 1 Assume y : R — R, with y > 0 is a continuous and bounded function.
The following statements are equivalent

()
1 y+N
lim inf inf N/ y(2)dz > 0. 3)
y

N—oo yeR

(ii) 1 € p(A) and there exists Ao > 0, so that
e A0 = A g1 p2 gz < Ce
Equivalently,
(), ur ) g1 z2 < Ce 1@ (0), ur () g2 g1
whenever (u(0), u,(0)) € H* x H'.
(i) 1imy o0 [l 25 g1 12 = 0.
(iv) For the semigroup generated by (1), o (A) NiR = ¢.

The proof of Theorem (1) is based on the semigroup technique used in [5,8,10,16],
in which rather than estimating the norm of the solution directly, we use a result
obtained by Gearhart—Priiss, [7,13]. We use Theorem 2 which is a formulation given by
Theorem 3 of [9] . More concretely, this result makes it possible to deduce exponential
rate of decay of the energy of the solution by uniformly estimating the norm of the
resolvent (A — A1)~ ! of the generator of the semigroup on the imaginary axis. Some
additional remarks are in order.

Remark 1. The condition (3), in the context of y bounded is equivalent to

1 y+N
liminf inf — P(z)d 0
it int 7 [ v7oaz -

for any p > 1. This is a consequence of the Holder’s inequality

1 /y+N Loy »
— y(2)dz < (—/ y (z)dz)
N J, N J,

p:l 1 y+N %
<yl % (ﬁ / V(z)dz)
y

2. The implication (i) = (ii) above is of course trivial. The equivalence, namely the
fact that (iii) = (ii), means that as long as a solution starting with an initial data

@ Springer
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in H? x H' goes to zero in the energy norm H'! x L2, then this convergence must
be exponential. In particular, this implies that algebraic convergence is impossible.
However, exponential convergence is possible. This is of course in sharp contrast
with the higher dimensional case, where algebraic convergence is possible [6,16].
3. The equivalence (iii) < (iv) is a particular case for the bounded semigroup' of
the damped wave equation (1), of a more general theorem of Batty—Borichev—
Tomilov, [4], Theorem 1.4 . See Theorem 3 below as well as the Corollary 2.
The paper is set out as follows. In Sect. 2 we show that our problem is well posed in
the sense of Cp-semigroups and we describe the spectrum of the infinitesimal generator.
In Sect. 3 we turn to compute the resolvent bound of the semigroup. The method we
use here to find the resolvent bound is very functional analytical. However, this is the
most technical part of the paper. At the end of the section, we apply the Gearhart—Priiss
Theorem 2 to deduce from the resolvent bound an estimate for the rate of energy decay
of smooth solutions.

2 Preliminaries and Notations

In order to fix notations, the Fourier transform will henceforth take the form

f© = /R foe™dx, for) = Qn)~! A f@ede.

Henceforth, the constant C will change from line to line , but will always be inde-
pendent of the spectral parameter. The constants Cs and C, are different constant
with dependence on § and € respectably. These constants also will change line to line
throughout the presentation.

Proposition 1 Let y > 0 be a bounded function. Then, we have
1T @I+ <1 vV t=>0.
Proof All we need for the proof is to take a sufficiently smooth and decaying initial

data for (1), consider its solution at a later time and take a dot product with u; € L*(R).
We obtain,

B (uell3 + llull3 > + ||ux||§z)+/y|ut|2dx = 0.

It follows that the energy function E(t) = [u;(t)7, + [u(®)3, + lux(®)Il3,
is decaying with time, hence E(t) < E(0), or equivalently ||(u(t), u;(t))||ln <
[l (0), s (0)) [l 9+ o

Next, we have the following interesting corollary.

I See Proposition 1.
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Corollary 1 Let y > 0 be a continuous function, so that (3) does not hold. That is

1 YN
lim inf inlf& v y(z)dz =0

N—oo ye y
Then, "Ml 112 iz = 1, forall t > 0.

A, we have

Proof By Proposition 1, for T (1) = ¢’
ITON g1 xr2mixr2 <1

and 7(0) = Id. Clearly ||T(0)|] = 1. Assume for a contradiction, that for some
to > 0,

1Tl gisr2pmixze =9 < 1.
From the equivalent condition (iii) of Theorem 1 above, it follows that

limsup [|7(0)(1 = A) "l g1 g2 iz = co > 0.
11— 00

Say, t, — 00, so that

_ (<]
1T =A™ e pixe: = -
Now,
[&)) —1
5 < IT(t)d — A) ||H1><L2—>H1><L2
-1
ST mixrzs szl =AD" I gixr2s gixr2
[iz] -1
< g o |(1 _A) ||H1><L2—>Hl><L2'
n
Since clearly, lim, q['o] = 0, this is a contradiction. O

The following result will be one of the main technical tools that allows us to deduce
exponential decay from estimates on the resolvent.

Theorem 2 (Gearhart—Priiss) Let ¢’ be a Co-semigroup in a Hilbert space X and
assume that there exists a positive constant M > 0 such that ||e’A|| < M for all
t > 0. Let u € p(A), then the following are equivalent.

(i) There exists g > 0 and C, so that

1T (@) (e — A gy < Ce!

@ Springer



S. Malhi, M. Stanislavova

(i) iR C p(A) and

sup [|(A —isD) gy < +o0.
seR

Another result, which will be useful for us is the following.

Theorem 3 (Batty—Borichev—Tomilov, [4], Theorem 1.4) Let e'A be a bounded Co-
semigroup in a Banach space X. Then for i € p(A), the following are equivalent

) c(AHNIR=¢
(i) limy— oo 1T (1 — A~ i) = 0.

Note that in the case of the damped wave equation semigroup (2), say with u = 1,
(1—A)7": H' x L?> - H? x H' and this map is onto. Thus, an application of
Theorem 3 to this particular case yields the following.

Corollary 2 For the semigroup T (t) of damped wave Eq. (2), the following are equiv-
alent

(i) o(A) NiR=¢
(ll) llm[_>oo ”T(t)”HZXHl—)HlXLZ :O

2.1 Spectrum of A

We begin by (formally) computing the resolvent of the operator A as follows: Let
u=(ui,u2)" and f = (f1, fo) " then (is] — A)u = f is equivalent to

isup —uz = fi
(=92 + Duy + (is + y())uz = fo

or

up = (=02 + 1 +isy(x) — s (s + y () fi + f2)

Uy = (=92 + 1 +isy(x) — s~ (isfz — (-2 + 1)f1>
Hence, if we introduce the resolvent operator R(is) := (—83 +1+isy(x) — sH—L
then resolvent operator of A4 is denoted by R(is, A) and is given by

“

R(is,A):( R(is)(is + y (x)) R(is) )

R(is)(is)(y(x)+is) —1 R(@is)(s)

From this, we see that in order to study R(is, A) it suffices to understand R(is). In
fact, by inspecting the form of the resolvent (4) in a way similar to [16], we have the
following.

Lemma 1 The following are equivalent

@ Springer
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@) is € p(A)
(i) 0 € p(—=32+ 1 +isy(x) —s2), that is

R(is) = (=02 + 1 +isy(x) —s>) "' : L? > H?.

In fact, (is) is an eigenvalue of A if and only if 0 is an eigenvalue of Ay :=
(=82 + 1 +isy(x) — s2).

Note: In this lemma, we consider s fixed. In particular, we are not concerned with
the behavior of the various norms as |s| — o0. This is a much more subtle issue, that
we will deal with later.

According to Lemma 1, the set o (A) NiR can be characterized as those is, s € R,
for which there exists g, € H2(R) with | g, |l z2 = 1, so that

lim [[Asgnll 2 = 0.

The purely imaginary spectrum o (A4) N iR (if any!), naturally consists of two
subsets—eigenvalues and the rest, which we call essential spectrum.” Namely, is
is an eigenvalue, if there exists gg # 0, g5 € H?(R), so that Asgs = 0.

Proposition2 Lety > 0,y # 0 be a continuous function. Then,

(1) A has no purely imaginary eigenvalues.
(i) i € o(A) ifand only if o (A) D {ir, A € R:|A| > 1}.

Finally, if there is § > 0, so that y(x) > 8 > 0, then o (A) NiR = @.

Proof We show that there are no eigenvalues. First, we rule out the case s = 0. For
s = 0, by Lemma 1, 0 will be an eigenvalue of (—83 + 1). If so, there exist g # 0
such that (—8% +1)g = 0, which is impossible. Take a dot product with g to conclude
Ig'1%, +llgll;, =0org =0.

Next, assume that s # 0 and there is an eigenvalue is of A. Again by Lemma 1,
0 will be an eigenvalue of (—32 + 1+ isy — s%). Let f = fi +ifs, f # 0 be the
corresponding eigenfunction of eigenvalue 0. Then, taking real and imaginary part of
the equation (—83 +1+4isy —s%) f =0, we obtain

(=2 + (0 —s))fi—syfr=0,
(=2 4+ (=5 fo+syfi=0.

Taking dot products with f, and f} respectively and subtracting, we obtain

A y () (fE+ fHdx =0. )

2 Here, we depart from the usual definition, where eigenvalues of infinite multiplicities are considered as
part of the essential spectrum. We will see though, that since eigenvalues do not appear in our setup, at least
on the important set o (A) N iR, this is not consequential.
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Recall y > 0. Since y # 0, let (a, b) be an interval on which y(x) > 0. Then,
(5) implies that fi(x) = fo(x) = 0 for x € (a, b). By the uniqueness theorem for
second order ODE’s, f1 = f> = 0 for the intervals (—o0, a), (b, 0),s0 f1 = f» =0,
contradiction.

Clearly, if 0 (A) 2 {iA, 2 € R : |A| > 1}, it follows that i € o(A). Now, assume
thati € o (A). It follows that for a sequence g, with || g, || g2 = 1, we have

(=02 +iY)gn = fa,

where || fn|l;2 — 0. Taking dot product with g, and then imaginary part yields

0= /V|gn|2 = 3{(fn: &n) = I full2llgnllL2 — 0.

It follows that ||«/7gn||i2 = fylg,,|2 — 0. Let fn = fu—iygn. Clearly, ”ﬁz”]} —
Oand —g, = f». Note that since lg/ll2 = I full2 = 0, we have

L= llgnll g2 ~ llgyll2 + llgnll 2,

whence liminf, || g, |72 > 0.

~ Now, let s € R such that |s| > 1. Consider u := +/s2 — 1 > 0. Introduce u,, :=
e'"* gy, so liminf, ||u,| 2 = liminf, ||g,] ;2 > 0. Compute

Astty = (=0} +isy — j1*)(gne™) = €'"* (=g} — 2ipng), + isy gn)
We have
IAsunll 2 < llgill 2+ 20llg)ll 2 + Isllly gull 2
Since all of the quantities on the right were shown to converge to zero, it follows that
lim, [|Asuy, |l 2 = 0, while lim inf,, ||u,||;2 > 0. Thus, is € o (A) forall s € R such
that |s| > 1.
For the last part, assume that y (x) > & and yet is is in o (A). We saw s = 0 is not

an option. So, s # 0. That is

(=02 +1—5>+isy)gn = fn. (6)

Taking dot product with g, and then imaginary parts yields

ISI/VIgnlzdx < [(fu: &)l = L fulllignll-

It follows that
5IS|/ \gnl*dx < || fullllgnll = O,

@ Springer
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so0 ||gn |l = 0. But from the Eq. (6),

liglll 2 < CUs® — ligall + llgnll + Il full) — O.

So, it follows that [ g, || 2 — 0, a contradiction. O

We now provide a sufficient condition for o (A) N iR # @, which turns out, in a
roundabout way, to be necessary as well.

Proposition 3 Let y > 0 be a bounded and continuous function, not identically zero.
Assume that (3) does not hold, that is

1 y+N
liminf inf — dz =0. 7
pntnt 7 [ vod: ®

Then, o (A) D {ir,A € R:|A| > 1}
Proof By Proposition 2, it suffices to check thati € o (.A). It will be an element of the

essential spectrum, since as we have shown there are no eigenvalues. By (7), we can
find a sequences y; € R, N; — o0, so that

| 1 /)’_/+N.f J 0
im — y(z)dz = 0.
N Y

i NjlJy;

Consider ¥ # 0 € CSO(R) with 0 < ¥ (z) < 1, sothat ¥(z) = 0 for z < 0 and
V() =0,z > 1. Lete; := N;l — 0 and take u ; so that

uj(x) = /J€;¥(ej(x —yj)).
Clearly, ||u’j’||Lz — 0, while [lu]l;2 = [|W]l2 = O().

Recall Ay = (—8)% + 1 +isy — s2). We compute the norm of As for s = 1 as
follows

TAT @)l 2 = 1(=07 +iv)ujli2 < Clufllp2 + llyu;l2).

We have already seen ||u’/f [z = 0. For the other term,

12 . G — R R
lyujlizs = lylieeej [y lW(e;te = yDldx < flylliee - y(2)dz.
JJYj

It follows that lim; [|yu |l 2 = 0, whence Proposition 3 is established. O
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2.2 The analysis of control hypothesis

Let us analyze (3) in a more quantitative way. It means that there exists «, and N,,
so that for all N > N, and for all y € R, we have

1 y+N
N/ y(@)dz > ky. ®)
y

We have the following technical lemma, which will be useful later on.

Lemma2 Let y > y > 0 are continuous functions, so that y satisfies (8). Then, for
everyx,y € R

max(x,y)
exp (—/ f(z)dz) < MNrky gmiey iyl )
min(x,y)
Proof Considerthe case0 < x < y.Clearly, the case x < y < 0 follows by symmetry
and then the case x < 0 < y follows by applying the previous two casestox <0 =y
and 0 =x < y.
We bound fxy y(2)dz > 0,if y —x < N,. When y —x > N,,, we have by (8),

y
/ Y@dz = ky (y — x).

X

Overall,

max(x,y) 1 _
- y—x <N,
exp | — 2)dz | <
P ( /min(x,y) 7 ) {exp(—/(y(y —x)y—x=>=N,

< eNyKy e Ky (y—x) )

3 Proof of Theorem 1

We stat with a technical result that gives bounds for the resolvent, under the appropriate
condition (3). For all practical purposes, this is essentially the implication (i) = (ii)
of Theorem 1. For technical reasons, however, we will need to assume (as a preliminary
step) that the spectrum does not intersect the imaginary access, thatis o (A) NiR = @,
so that the various quantities are well-defined. We remove this assumption later—in
fact, we show, in a roundabout way, that indeed the property o (A) N iR = @ follows
from (3) alone.
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3.1 The main technical step
Proposition4 Let y(x) > 0 is a positive, continuous function, which satisfies (3) or

equivalently (9). In addition, assume that o (A) N iR = @. Accordingly, let s € R,
f e L2(R) and u € L3(R) satisfy the resolvent equation

(=02 + 1 +isy(x) —sHu = f. (10)

Then, for every 6 > 0, there is a constant Cs . n, so that for all s € R such that
Is|2 € [0, 1 —8) U (1 + 8, 00), we have

Cs,c,N
lull 2wy <

) 11
< 1+|s|||f||L2(]R) (11)

where k, N> are the quantitative bounds of y from (8).

Proof We begin by pairing the Eq. (10) with u and taking the real part, we obtain by
using Cauchy-Schwartz, for s> < 1 — §

1—s2
I/ lZ2 + (= s lulige = R(fru) < Collf 7o + —5— lulge.

It follows that

31y < Coll Iy

Note that from this proof, the constant Cs may blow up as § — 0.

We now consider the case |s|? > 1+ 8. We assume that s is positive since the case
for negative s can be obtained by changing s to —s.

Let 0 < € << 1be small enough, to be selected later and 15 := +/sZ — 1 > V8 >
0. We have c;|s| < us < Cs|s|. Henceforth, all constants will implicitly depend on 8,
but we will omit this dependence.

Introduce the operators P~g, P~_; and P~ _s) through Fourier transform:

€

PINE = [ v (“E“)

Pw(s,—s)(f)(%_) ={d — P~ — P’\'(—S))f'

@)(5)#@)1&(5_““)

Here ¢ € Cgo (R) is an even function,

Y(z) = 1for |z| < land ¥ (z) =0, |z] > 2.

3 The constants N and « have subscript y, however we will remove this in the rest of the presentation.
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Further, we use the notation
Pogu(x) :=t~g(X), Poostt(X) 1= thoos (X), Poo(s,—s)(@(X)) 1= Un(s,—s5)(X).

We will prove the proposition by projecting the Eq. (10) into the three regions for s
using the above projections and estimating the norm of u on each.

Taking dot product of (10) with # and using the imaginary parts and Cauchy-
Schwartz’s inequality yields the following estimates

s /R y @) uldx < 1 f 2o el 2 -

Thus, we can conclude

£l
IVyulle < €llullgz + Ce—— . 12)

where C; is a constant which depends on €.
Part I: apply Pn(s,—s) on both sides of the Eq. (10) to get

(—3§)Mw(s,—s)(x) - /Jv?uw(s,—s)(x) = —iS()/M)oa(s,—s)(X) + frﬂ(s,—s)(x)~

Using Fourier transform and the fact that & is away from p; and —pug, we get

Uni(s,—s)(€) = () U) (s, —s) () ) + fo‘f(\“ —5)(&).
13

& —pud £2 —

On the support of W,.(s,—5)(§), we clearly have | 5 | < C, for some constant C.

(52
This gives the following estimate,

I s —s) I 2 £l 2
ltmis—s)llz2 < C (n(yu)oa(s,_s)uu + % < C{lIyullp + =5

Then by (12), together with the fact that y < C,/y a.e, we get

s, —s)llz2 < €llullp2 + Ce 13)

[RAVE:
o

Part II: apply P~ on both sides of the Eq. (10). Adding and subtracting i (s y t~g(x)
we get

— 07t (X) A+ sy (g () = U () = foog (X) = i (Y1) s () + i s Yt ()

Let f = e/"*F and u = ¢/"*U and observe that P—s(e'"*g) = e/"s*P_(g). We
get
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d
—0RU~1 () = 2igts Ut (0) + ity Ui (6)
=Fo(x) —is(yU)~u +ipsyU~r(x).

Hence, dividing by —2i us,

N
2pks

d y (x) o
ax U @) = 2000 = 5

1
—zy(x)Uq(x)-

92U (x) + 2’—F~1(x) + (U ()
s

Using the integrating factor e=2 Jy vy , we solve in the form
O x d
Ui (x) = -f 2 h7OEG(y) dy = -T(G),
X

}Vhere G = ﬁanwl + ﬁle + ﬁ(yU)Nl — %yU~1 and T is an operator in the
orm

T(f)(x) = / AR @ gy

X

Note that by the bound (9), we have that

()| < / AV £ () dy,

X

whence
2Nk

2e
2Nk —kl-
ITfl2 < e e Ml fll 2 = — £l

In particular, the operator norm ||T'||;2_, ;2 depends only on N, k.
Now, since U~ (x) = e "Hs*u.;(x), rewrite

yU~1(x) = e M puny(x) = e M ((yu) (x) — y (a5 (X) = Y ()t (s, —5) (X))
Thus, introduce the effective right hand side

i U~ + ! Fop 4 —
~1 ~1
2/1,3 . ZMS 2/'LS

Gy = Y U)~1 + e (i — Yitn(s,—s),
so that u~g(x) and u~_gz(x) are now in the relation

Uy () — %ewT(e*"/%(x)m_s(x» = 'MYT(GY). (14)
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Multiplying the last equation by /¥ and by introducing a new linear operator T f :=
%ei Hsx Sy T (e iHs¥ /7 f), we can record the last relation as follows

Vs = Ts(Yun—s) = & Sy T(Gy). (15)

Similar arguments apply to u~_g. More concretely, projecting P~ (—s) on both sides
to the Eq. (10), and adding i sy u~(—s), we get

—07 U5 (X) A+ gy (it (—) () = Pt () (¥) = —is(yu)m() () (16)
Fips Yt (—5)(X) + fro(—s)(X).

Letting now f = e "**F and u = e ~***/ and observing that
PN(_S)(ef"“ng) — pilsX P1(g).

By (16), we obtain the equation

o+ 790 )= - 8200y - 0

Ty 00+ 520100 = =520 () = 3= (D) )
1 _ -
57 @0 @) - ZI’LS Foy(x)

With the help of the integrating factor ezl v @4z we solve the equation (by integrating
from —o0 to x) as follows

Uy (x) = / D AR YOE Dy = THD), (17)

Xhe;e the right hand side is D = —57-9; U1 — 2= (y () U)~1 + IyUo - - Fer
gain,

yU~1(x) = " yun_s(x) = e (y ()u(x) = y (g (x) = ¥ ()t se(s,—5) (X))
The effective right hand side becomes

i s b i
2 (Y U)~1 —

Dl =
215 2ps

320~y —

- 1 .
Foi + ze”“xyu — VUn(s,—s))
and we obtain the following reformulation of (17),

1 . . .
Un_g + Ee_'“*'xT*(e”“xyuws) = e '"MYTH(Dy). (18)
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Again, a multiplication with ,/y resolves (18) to

Vs + TV tng) = e 5y T*(Dy). (19)

Where Ts*f = %e_iMsXﬁT*(eiusxﬁf)
Combining (15) and (19) allows us to control , /Y u~+, and ultimately u~+. Indeed,

ﬁ”ws = Ts(«/?MN—s) + eiM'YX«/?T(Gl)
= Ty (=T} (JYttns) + e 5 SYTH(D))) + e Sy T(Gy)

whence we obtain the following operator equation for ,/yu~;

(Id + T, T)) (Viins) = Ts(e 5 Sy T*(D1)) + ¥ /YT (Gy).

Since (Id + T, T,") is a symmetric operator, (Id + T,T,") > Id, we have that it is
invertible (in fact, ||(/d + TsTs*)_l l72o72 < 1),

I/Pu~sll2 < 1 Ts(e™ > JyTH(Dy)) + 5 YT (G|l 2
< CUIG1Il + D1, (20)

where in the last step, we have used that T', T, together with their adjoints are bounded
on L2, with bounds depending upon «, N only.

So, it remains to find suitable bounds for |G|, 2, [|D1ll;2. We just provide the
bounds for ||G ]|, as the bounds for || D || proceed in an identical way. Clearly,

i

[
215

C C
Fallpr = ZIF 2 = =l f 2.

By Plancherel’s

i
2pks

C ,— C  ,~ £ Ce?
|=—82U~1ll,2 < ;nszmlny < ;nézU(s)w (;) Iz < =—1U~llp2
< ellu~sliL2w)»
provided C 2e < 1. Next, by (12),

1 s I£]
I5G U~ + e yulle < Iy Uz + llyul = 2lyule < elulz + Ce==.

Finally, by (13),

A1l

lyusis,—s)llp2 < Clltw(s,—s)llp2 < €llullp2 + CGT-
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Altogether, we obtain

A1

IGill + 1ID1]l < Cellull2 + CET-

Based on (20) and (21), we obtain the following estimate

(Il
l/vu~slliz < Cellullz2 + CET.

Part III: clearly, the same estimate holds for || /yu~ sl 2.

21

In order to get estimates for [lu~s||2, |[u~—s|| 12, one can now use the forms (14)

and (18), to deduce

lus | 4+ Nun—sll = CUVY U~ + /YU~ + Gl + 1 D11

< Cellull;2 + Ce ”J:”.

Finally, with some absolute constant C (and with some C, ~ € _1), we have

I/l

leell 2 = sl + Mot sl + s, o) | = Cellull 2 + Ce ==

Clearly, a choice of € such that Ce < %, we obtain the desired bound (11). ]
Next, we need an estimate for L2 — H! bounds of the resolvent (—83 + 1+
isy(x)— sH—L

Proposition5 Let y > 0,y # 0 be a continuous function, that satisfies (9), with

constants k, N. In addition, assume o (A) NiR = (.

Let § > 0 and |s|2 € (0,1 =8 U +6,00). Recalling R(is) = (—8% + 1+

isy(x) — s>, we have the following estimates

RGN 2 g1 < Coen
IRE) [ p-1-12 = CsieN

Asa consequence,

- -1
||(1S_A) ||H1><L2%H1><L2 SCS‘K,N'

Proof Letu € H'(R) be the solution of (24)
(—3)? +1+isy(x) — s = f

for f e L.
Taking dot product of (24) with u yields,

(—02u, u) + (1 — s?)(u, u) < || fll2llull2
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Hence,

2 2 2
Nl < Nflp2llulip2 4 (7 = Dllully.

By Proposition 4, we get

el < ca,K,anan% 5,K,N((fi%nfnizm
This proves
IR 2 gt < Cse,N-
Hence by duality
IRGE) I g-1-12 < Csie,N- (25)

We now focus on (23), that is we show that the resolvent R(is, A) of A is bounded
in H'(R) x L*(R). We estimate the norm of R(is, A) as follows,

()

This implies that to estimate the norm of the resolvent operator R (is, .A) as an operator
on H' x L?, we need to obtain the following bounds

= [|R(s)(is +y ) fllgt + IREs)E] 1

HI(REs)(Es)(y (x) +is) = I) fllg2 + [IRGs)Es)gll 2

H!xL?

IRGs)| = 0(1): L> > H',

IRGs)(is +y )l =0): H' — H',
IsR@is)| = O(1) : L> - L?,

IRGs)(is)(y(x) +is) — D] =0(1): H — L.

The estimates for s R(is) and R(is) are in (11) and (22) respectively. In order to
estimate

IRGEs)Es)y(x)+is)] — g2,
we use that
R(is)(is)[y(x) +is)] — I = R(is)(d> — 1),

and hence, combining (25) together with the fact that 3)% : H' — H~!is continuous.
For f € H'(R), we have

I(RGs))y (x) +i)] = D fll2 = IRGEs)@F = D fll2 < CIA =3 fll g1
=Clfllg
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This proves:
R(is)(is)(y(x)+is)— I =0(1): H' — L? (26)
It remains to estimate the norm of
RGis)(is+y(x): H' — H'.

We rewrite the above operator as

! [1+ R(is)(3> — 1)] 27)

R(is)(is+y(x)) = s
If f e H and it = R(is)(d> — 1)f € H', then

(=02 + 1 4isy(x) —sDi=@>—1)f e H! (28)
Pair the Eq. (28) with & and take the real part to get,

loxills> — (s* = Dllil, < 1(=05 + D fll g1 lliill g1

< I f g llll g
By Cauchy Schwartz inequality, we get
lill2, < 2(s* = Dlal7. + 1£ 13, (29)
Next, when we estimate the L2- norm of i = R(is)(af — 1) f, we used (26) to get
IR(is)(02 = 1) fll2 < Cll fll (30)
Combining the estimates (29) and (30) proves that
R(is)(3> — 1) = 0(ls]) : H'(R) — H'(R).
Then by the Eq. (27), we have
IRGs)(is +y ) fllz = Clf
Hence, (is — A~ '=0): H' x L? > H! x L2 m]
3.2 Proof of Theorem 1: the implication (i) = (ii)
Take any y > 0, a continuous, bounded and non-negative function, that satisfies (3).
We would now like to prove exponential decay of the semigroup, as required in (ii)

of Theorem 1. This is basically what Proposition 4 does, except that it in addition also
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assumes o (A) N iR = @. This eventually turns out to be the case, but we have not
proved that yet.

Instead, we proceed by an approximating argument. More specifically, fix € > 0
and consider y. (x) := y (x) + € and the corresponding operator A.. We immediately
observe two things. First, since y. > € > 0, we have by Proposition 2, that o (A¢) N
iR = ¢. Second, y. satisfies (8) with the constants x, N of y. Hence, y, satisfies
(9). Thus, we are ready to apply Proposition 4 to y.. For a fixed § > 0 and |s|® €
0,1 -6 N + 6, o), we have the estimate

C(S,K‘N

. 1
1+ s] 1)

(=82 + 1 +is(y +€) —sH 22 <

In particular, note that the above bound is independent upon the parameter € > 0. One
can now take € — 0+ in order to obtain the operator (— 83 +1+isy —s?)~!, together
with the desired bounds onits L? — L? operator norm. This could be justifies in at least
two ways. One is to show that for a fixed s, the family {(—8)% +14is(y+e) —s3)~! }e=0
is Cauchy in B(L?), by using the resolvent identity. More or less equivalently, we can
directly construct (—83 + 1 +isy —s%)~! by the resolvent identity and the Neumann
theorem as follows

(24 14isy —sD) V= (2 + 1 +is(y +€) — 57!
(Id —ise(=32 + 14 is(y +¢) —sH)~H71.

Indeed, in the formula above, the first inverse exists by (31), while the second inverse
exists by von Neumann for all small enough €, since

CS,K,N 1
< —

1+1s]  2°

lise(=9% 4+ 1+is(y +€) —s) 722 < Clsle

Now that we have constructed (=32 + 1 + isy — s>)~! for all s € R such that
Is|2 € (0,1 —8)U (148, c0), we deduce the bound

Cs.ie,N
1+ s|’

(=02 +1+isy —sH H2np2 <

(32)

by simply letting € — 04 in (31). In addition, this shows that {i A : |A| # 1} C p(A),
that is the whole imaginary line, with the possible exception of +i are in the resolvent
set of A.

Now, we show that 4 also belong to the resolvent set of A. Indeed, otherwise,
we will have by Proposition 2, that o (A) D {iA : || > 1}, which is a contradiction.
Thus, we have established that +i € p(A) or

(=82 £iy) 22 < C.
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Next, we show that (32) holds in a neighborhood of |s| = 1 as well. We have by the
resolvent identity

(2 +1+isy —sH ™ = (=32 +iy)”!
= (=2 +14isy =) 2= 1+iyd —)](=d2+iy)~},

whence we can represent

(=02 +1+isy —sH7!
= (=02 4iy) 'Ud = (s = D(s+1—iy)(=d>+iy)~H 7L

Clearly, fors € Rwith [s—1] << 1,say (104|y|L)|s—1]| (—834—1'7/)_1 2572 <
%, the right-hand side is a well-defined operator and in addition

(=07 + 1 +isy — s lpan 2 < 20(=07 +iy) " g2 g2

Thus, s — [[(=82 + 1 +isy —s?)~ 1|2, ;2 is bounded in a neighborhood of s = 1
and similarly, in a neighborhood of s = —1. In the same fashion as in Proposition 5,
we conclude that

- -1
sup [[(is — A" lgixr2mgix2 < C < 00
seR

By the Gearhart—Priiss theorem, || 7' (1) (1 —.A) || HixI2—Hlx12 < Ce70¢, for some
A0 > 0. Since, (1 — A~ : H' x L2 - H? x H! and it is onto, we conclude that
ITOEN 152 < Ce ™ NIgll 2ot
as stated.
Next, the implication (ii) = (iii) is of course trivial. The equivalence of (iii)
and (iv) is the essence of Theorem 3, see also Corollary 2. Finally, the implication
(iv) = (i) is contained in Proposition 3. This finishes the proof of Theorem 1.
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