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1. Introduction and main results

In this paper, we are interested in the asymptotic behavior of the solutions of the
following Benjamin-Bona-Mahony (BBM) equation defined on R3:

uy — Auy — vAu + div(f () = g, (1)

where v is a positive constant, g € L*(R3) and f(u) =u + %uz.

The BBM equation was proposed in [12] as a model for propagation of long
waves which incorporates nonlinear dispersive and dissipative effects. The existence
and uniqueness of solutions for this equation were studied by many authors, see, for
example, [7,8,12,14,15,17,22,35,36,43]. The decay rates of solutions were investigated
in [3-5,13,34,50] and the references therein. When the equation is defined in a bounded
domain, the existence and finite dimensionality of the global attractor were proved in
[6,16,46,49]. The regularity of the global attractor was established in [47] when the
forcing term g € H* with k>0, and the Gevrey regularity was proved in [18] when g
is in a Gevrey class. The authors of [18] also proved the existence of two determining
nodes for the one-dimensional equation with periodic boundary conditions.

The first goal of this paper is to establish the existence of attractors for the BBM
equation on R3. In other words, we will prove the following result.

Theorem 1. Given a ball B = {u € H'(R?) : llull 1 < R}. If g is small enough, then
the BBM equation has an attractor A in H L(R3) which is a compact invariant set and
attracts every bounded subset of B with respect to the norm topology of H'(R3).

Remark. As stated in Theorem 1, the existence of the attractor for the BBM equation
requires that the forcing term g satisfy a smallness condition, which depends on the
size of the ball B. More precisely, for every R > 0, there exists ¢(R) > 0, such that g
satisfies the condition:

fgdx=0 and ||g||Lz+f|x||g<x>|dx<s<R>,

where ¢(R) — 0 as R — oo. For more details about the smallness condition on g, we
refer the reader to Theorem 3.

Note that the domain of Eq. (1) is unbounded, which causes additional difficulty when
we prove the existence of attractors because, in this case, the Sobolev embeddings are
not compact. There are several methods which can be used to show the existence
of attractors in standard Sobolev spaces when the equations are defined in unbounded
domains. One method is to show that the weak asymptotic compactness is equivalent to
the strong asymptotic compactness by an energy equation technique [28,31-33,38,42].
A second method is to decompose the solution operator into a compact part and an
asymptotically small part [19-21]. A third method is to prove that the solutions are
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uniformly small for large space and time variables by a cut-off function [41,48] or by
a weight function [1].

Generally speaking, the energy equation method proposed by Ball (see, e.g., [10,11])
depends on the weak continuity of relevant energy functionals. For the BBM equation
defined in bounded domains, such weak continuity can be obtained from the com-
pactness of Sobolev embeddings (see, e.g., [46,49]). However, for the BBM equation
defined in unbounded domains, it seems that the energy equation method is not easy
to use. Neither is the decomposition method. So, in this paper, we will follow the idea
to obtain the existence of attractors in unbounded domains by showing the solutions
are uniformly small for large space and time variables. As we will see later, for the
BBM equation, it is very difficult to establish the uniform estimates in time on R3.
That is why we will have to borrow some results from harmonic analysis. Even in
this case, the method presented in this paper only works for the three-dimensional
BBM equation with small forcing term g. In other words, the following question is
still open: if the BBM equation on R"” has an attractor when n # 3 or when g does
not satisfy the smallness condition. For example in the case n = 1 for the equation
Uy — Uyr — Ugy + 02Uy = g it is shown in [2] that the corresponding semigroup does
not have an attractor even when g(x) = 0.

The second goal of this paper is to prove the regularity of the attractors. For the
strongly dissipative equations like the reaction—diffusion equation, the regularity of at-
tractors follows immediately from the regularity of the solutions. But for the weakly
dissipative equations like the BBM equation, the regularity of attractors is not ob-
vious since the weakly dissipative equations have no smoothing effect on the solu-
tions. The regularity of attractors for weakly dissipative equations have been studied in
[18,25,26,23,27,37,39,47] for the equations defined in bounded domains, and in [24,28]
for the equations defined in unbounded domains. In this paper, we establish the reg-
ularity of attractors for the BBM equation on R3, by splitting the solution into its
low-frequency part and high-frequency part which is similar to the decomposition used
in [24] and [28] for the weakly damped Schrodinger equation on R? and the KdV
equation on R, respectively. In this respect, we have the following result.

Theorem 2. Let B = {u € H'(R3) : lull g1 < R}. Then the attractor A € B obtained
in Theorem 1 is actually bounded in H*(R3), i.e., there exists a constant C depending
only on v and g such that, |u|| g2 <C for all u € A.

This paper is organized as follows. In the next section, we recall some basic results
from harmonic analysis and present a sufficient condition for precompactness of a
sequence in LP(R™), which is an extension of Riesz—Rellich theorem. In Section 3,
we discuss the well-posedness problem and define a continuous dynamical system in
H'(R?) for the BBM equation. Section 4 is devoted to the uniform estimates of the
solutions in time. Under the smallness condition on the forcing term g, we will show
that the solutions are uniformly bounded in the phase space H'(R?). In Section 5, we
prove the existence of attractors. We first show that the solutions are uniformly small
for large time and space variables, and then establish the asymptotic compactness by
verifying the compact criteria given in Section 2. In the last section, we split a solution
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into its low-frequency part and high-frequency part, and show that the attractors obtained
in H'(R?) are actually bounded in H*(R3).

2. Preliminaries

In this section, we discuss the precompactness of a sequence in LP(R"™). We first
recall some basic results from harmonic analysis, and then generalize Riesz—Rellich
criteria for compactness by using the Littlewood—Paley projection operators.

2.1. Fourier transform, Littlewood—Paley projections and commutators

Denote by S the Schwartz class. Then given f € S, the Fourier transform of f is
defined by

f&=[ foe 2™ <ax.

Rl‘l

Fix an even function ¢ in Cgo (R™), so that the support of ¢ is in the annulus %g [&1<2
and

oo

Z e *x) =1 for all x #0.

k=—00

Define the operator P via Ig(s\f & = (p(é‘lé) f (&). Observe that Py essentially restricts
the Fourier support of the function f to the annulus 6/2<|&|<20 and ) 4 dyadic Po =
1. Sometimes we will denote Pgu simply by us and call this the Littlewood—Paley
projection operator at frequency J. We will also make use of the operators P_s :=
Y s<s Ps. etc. Note that the kernel form of such operators is given by

Pyf =850 f

and thus, since ||5"$(5-)||L1§1, we have that Ps : L? — LP for all 1< p<oo. Here
and after, by f<g, we mean that there is an absolute constant C such that f <Cg. By
f ~ g, we mean f<g and g<f.

Since the function ¢ is even, we see the kernels of Ps are real valued. The Bernstein
inequality, then is stated as follows: for all 1 < p<g<oo:

IP5 £l Laqgry < Cp.g 8" PO £1l Lp gy

where C), , is a constant depending only on p and g. Throughout this paper, we denote
by || [rrr) the norm of L?(R") and || - || the norm of L2(R"). Next, we concentrate
on the properties of certain commutators involving Ps and multiplication by (smooth)
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functions, that is, we are interested in the L?” mapping properties of operators in the

form [Py, Y]g := Ps(yg) — Psg. We shall need the following result, which is standard.
We reproduce here its elegant proof, due to Tao [44].

Lemma 1. Let m be a Schwartz function and Qg : @(é) = m(é/é)f(é). Let f be
a Lipschitz function. Then for every 1< p<oo:

Q5. £18ll Ly <5~ fllLip (/ Iyllﬁ(y)ldy) gl 2)

I1Qs. FIVEllLr <IfllLip </(1 +IyDUm)| + IVﬁi(y)l)dy> gl 3

In particular, for Ps, we have the estimates

ILPs, £1gll e SO~ 1S Lipllgl o “4)
IPs, FIVEILr SIS lILiplgllze- (&)

Proof. By the definition, we have

[0s. flg(x) = & f Oy (f(x —y) — F()glx — y)dy.

By the Lipschitz continuity, we obtain

I[Qs. f]g(X)I<||f||Lip5”/|ﬁ1(5y)llyl lg(x —y)ldy.

Take L? norms in x

I[Qs. f]g”LPS”]C”Lip”g”Lpén/|’h(5Y)||y|dy§571”f”Lip”g”LPa

which is (2). For the proof of (3), one has to do an extra integration by parts and
apply the same estimates. [J

We also have the following useful generalizations.

Corollary 1. For the operator ﬁ;l) := Ps|V|! with multiplier (¢/9)|E|', there is

<3 £l

Lr™

B (1
|71

B (1
(B, 19| <0 F Iuipligle.

. .
(2" 18], <8 1 Iiplilr.
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In fact, all one needs to do in order to prove Corollary 1 is to observe that the
multiplier of f’é is in the form 5ln~1(f/5) and apply the previous results.

The next result takes a closer look at the relations between spatial cut-off of the
Littlewood—Paley projection and its gradient. Before we state our result, define the
Riesz projections R; as the operators with multipliers —i¢;/[]. Observe that |V| =
Zj R;0; = (R, V). With a slight abuse of notation we write |V| = RV.

Lemma 2. Let 6, N > 0 and fix 1 < p < 0o. Let Yy(x) = h?(x), where h is a positive

Lipschitz function with a Lipschitz constant ||h||Lip. Then there exists a constant C =
C(n, IhllLip), so that

1/p
0 (f | Psu|Pyr(x/N) dx)
R)‘I

1/p
<C </ |V Psu|Py(x/N) dx) + CN_1||P(5u||L,;. (6)
R}‘l
In particular,

1/p 1/p
5</|P5u|”¢(X/N)dx) <C</IVP5MI”l//(X/N)dx> +CN ullpe. ()

Proof. Define first Ps to be some Littlewood—Paley projection with a multiplier sup-

ported in the ball 5/10<[¢|< 106 and so that PyPs = Ps. This can be achieved by re-

quiring that the multiplier of Py is identically one on the support of the multiplier of Pg.
Write

~ ~ _ S(—1
Psu = PsPsu = (RP5|V|~)[PsVu] = P\ V[ PsVul,

where Isg_l) = RPs|V|~' which is similar to the operators defined in Corollary 1. We
have

1/p
0 (/ IPaqulP(X/N)dX>

= Sl(Pswh(/N)ly = 8| (B VLR Vubh(/N)|
<o ﬁg‘”[(P(;vu)h(./N)]HU + oA, h(./N)]VP(;uHLp
SIPsVIOh(/ Ny + |1 Poull /N,

where in the last line we have used Corollary 1 with / = —1 and ||h(~/N)||Lip ~N-L

By summing (6) over all dyadic 0>6 and taking into account || PsVu
we obtain

[ o~0l Pyl



M. Stanislavova et al. / J. Differential Equations 219 (2005) 451-483 457

Corollary 2. For all 1 < p < 00 and all 6 > 0,

I/p
5 ( f |P>5u|w<x/zv>dx)

1/p C
<C( / |VP>au|”w<x/N)dx> +s1P=oVul L ®)

2.2. Riesz—Relich criteria for compactness in LP

We now discuss the compactness of a set in L”(R"). Recall the following theorem
due to Riesz (see [40, Theorem XIIL.66, p. 248]).

Proposition 1. Let S € LP(R") with 1< p < co. Then S is precompact in LP(R") if

and only if the following conditions are satisfied:

(1) S is bounded in LP(R");

(2) f — 0in L? sense at infinity uniformly in S, i.e., for any ¢, there is a bounded
set K C R" so that for all f € S:

f | f(x)|Pdx <eP;
R"\K

3) f(—=y)— f uniformly in S as y — 0, i.e., for any ¢, there is 0 so that f € S
and |y| < o imply that

/ If(x —y) = f)]"dx<eP.

We note that in a bounded domain D, the condition for compactness of a sequence
in L?(D) reduces to (1) and (3), since (2) is obviously satisfied.

In terms of the Littlewood—Paley projections, the following compactness result is not
unexpected.
Proposition 2. Assume {f,};° | is bounded in LP(R"), 1<p<oo. Then {fy};°, is
precompact in LP(R") if and only if for every 69 > O the sequence {Ps, fu};, is
precompact.

Proof. The necessity part is clear. For the sufficiency, construct a convergent subse-
quence of {P>1 f,}, say { fni}' From { f"i}’ extract a further subsequence { fn%}, so that
{P>12 fn%} is convergent and continue in that fashion. By the boundedness of P s on
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L? and the construction of the sequences, the limits &, := limg P> p-s f"i will satisfy the
consistency condition P>,-shs = P>,-shy,, whenever s1, s2 > s + 2. By the uniform
boundedness, we also have supy |lhsll;» < oo. This allows us to define a function
h e LP(R") with P>,-sh = P>y-shy for every s; > s + 2. It is clear now that the
diagonal sequence {f,s} will be such that for each ¢ > 0, limy P> sfus = Pxsh. It
follows that limg f,,g = h and thus the precompactness of { fn}gozl. O

In the special and important case p = 2, Relich [40, Theorem XIII.65] has shown
that instead of checking (the hard to verify) condition (3) in Proposition 1, one may
equivalently check that the L? mass of the Fourier transform on the complements of
large balls tends to zero. We have a variant, which suits our purposes better, but the
next proposition is essentially equivalent to Theorem XIII.65 in [40].

Proposition 3. Assume {f,}°° | is bounded in L2(R"). Then { fuloo | is precompact in
L*(R"™) if and only if

o limsup sup I fallL2gx)>n) =0
N—oo

o hm sup sup |P=nfull2=0

Proof. The necessity part is trivial. We check the sufficiency part. By Proposition 1, we
need only check that for uniform bounded sequence {f,}, limsup,_,, sup, || fn(- —y)

— fu(ll 2 =0, provided limy_ o SUp, || P>nNfan HL2 = 0. To that end, take ¢ > 0 and
select M = M (g) so that

n

sup/ | Fn(©)? dE< e,
[El>M

Choose 6 = 8/(M2 sup,, Il full;2). For every |h|<J, we have by the Plancherel’s the-
orem

Sp | ful- — 1) — fuO)IPs < sup/|e2""h5—1|2|ﬁ<«:)|2d«:

A

sup / AN
[SI=M

n

2 sup / BRIAGI
[El<M

n

A

g2+ h>M* sup | fll 2 <262
n

The proof is complete. [

The next lemma, which somewhat improves the standard Riesz—Relich criteria is
crucial in our arguments later on.
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Lemma 3. Let {f,} C L>(R") be uniformly bounded and

%E?gMM%ﬁM%DM=h@,§%h@=Q ©)
Jimsup [ P>y ful 12 = 0. (10)

o0

no| is precompact in L2(R").

Then the sequence {f,}
Proof. By the uniform boundedness of {f,}, there is f € L*(R") such that, up to a
subsequence (which we call again f;), f,, is weakly convergent to f. We need to show
that there exists a subsequence of {f,} which is strongly convergent to f in L>(R™").
To that end, we first prove by induction that there exist subsequences {n;} and func-

tions gx € L2(R") so that {ny1}s C {ng}s and limsupg_, H P}z—k(fni) —gk‘ L2<
2n (27K,
The subsequences can be chosen as follows. By (9), choose Ni, so that
—k
sup | Poot full L2 ugo ) <2075 (11)

We now prove that when restricted in the bounded set {x € R" : |x|< Ny}, the sequence
{P> o f”i_l} is precompact, which follows from Riesz—Rellich Theorem in bounded
domains provided condition (3) in Proposition 1 is verified. Note that condition (3) in
Proposition 1 is implied by (10). Indeed we have

sup “ P}Z*kfn(' - )’) - P}Z*kfn(')”LZ(‘xlgNk)
n
< sup ” Pk fu(-—y) — P;z—kfn(')”Lz
n

<sup [ fu- =) — fall 2.

By (10) and the uniform boundedness of f;, the last expression converges to zero as
y — 0, see the proof of Proposition 3. Therefore we find

}E}r}) Sgp HPQZ’]‘fn( - )’) - P>27kfn(.)HL2(|x\<Nk) = 0’

which along with the boundedness of {f;,} show that the sequence { P~ ,-« fni—l} satisfies
all conditions in Proposition 1 when restricted in the bounded set {x € R" : |x| < Ng}.
Then by Riesz—Rellich Theorem, there is gx € L*(R") with suppgr C {x € R" :
|x| < Nk}, and a subsequence {P -« fni} of {P> fni—l} such that {P -« fni} — gk
in L?(Jx| < Np).
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From (11)

lim su HP & fps — H <limHP —k [y — ‘
; Pi>2 fnk 8k 2 S >2 fnk 8k L2(Ix| < Vo)

<2275, (12
L2(Ix| > Ny) @) 12

+ lim sup H Pso-ifs
N

Next, we show that g — f in L2(R”). Note that for each k, there is a function

Y € L*R") with |[|,» =1 so that

[Py f =gkl 2 = (Psoif — gk W)

Then by the weak convergence of f, to f, we get
| Pooef — gl 2
= (Poorf = 8 i) = (Pooi f = Poot fug s Vi) + (Poo-t fuy — 8k Vi)
<HmMSup(Ps ot f = Pooi fus. i) +20(27F) = 20275,
N
which implies g — f in L>(R"). We now prove that for each g > 0,
Pos fox = Psg,f in L*(R"), k — co. (13)
k

To this end, we choose sk, so that ” Psok foe — 8k ”L2 <4h(27%). Then for large k
z k

with 27% <5 we have P> 5,P>o-+ = P ,, whence

H%éofn;k - P>50f‘ = HP>5OP>2*kfn;k - P>5of‘ L2<HP>2*kfn;k - f‘

L? L?

/N

| Poritn =], + g = £l
< 4hQM 4+ gk — fll2 = 0, as k — oo,

which implies (13). By (13) and Proposition 2, we know the sequence {f,} is precom-
pact in L2(R"™). The proof is complete. [

As an immediate consequence of Lemma 3, we have the following results, whose
proof is omitted.

Lemma 4. Let {f,} C L>(R") be uniformly bounded and

lim sup lim's P~ s =h(), lim h() =0, 14

— 00
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lim sup limsup | P>y fu|,> = 0. (15)
N—oo n—>o0

Then the sequence {f,}° | is precompact in L*(R™).

3. Well-posedness

In this section, we first discuss the well-posedness problem of the BBM equation
on R”, and then define a continuous dynamical system S(¢);>0 in the phase space
H'R").

Since f(u) =u+ %uz, the BBM equation can be rewritten as follows:

{ wy — VAL — A)lu + div(1 — A)~! (u n %uz) —(1—A)g. 6

u(0) = ug.

For the local well-posedness, we further rewrite (16) as an equivalent integral equation:

t
w(t) = uo + / (vA(l — A us) — div(l — A (u + %uZ) (s) + (1 — A)—lg) ds.
0
Denote by
F) =vA0 = 8w —div(l = )7 (w+ 3a?) + 1 - 4) .

It is easy to show that, if n <4, then F maps H 1 (R™) into itself and is locally Lipschitz
continuous. More precisely, there exists a constant C such that

IF @)l g1 <Cllul3n + viiul g1+ Cligh gz, a7
I1F @) — F)ll g <Cllu — vl g (1 + max(lull g1, vl 1)) (18)
Then by the fixed point argument, we find that the BBM equation is locally well-posed
in H! (R™) with n<4. The next estimate shows that the local solution is actually

defined for all ¢t >0.

Lemma 5. Let ug € H'(R"). Then for each T > 0, there exists a constant C depending
on ug, T and g such that for all t € [0, T):

lu@ < C.
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Proof. Multiplying Eq. (1) by u and then integrating, we get

1 d

la 2 2 2 _
5 2 (IO + 1Vu@12) + V)] —/R”gmu(x)dx,

which implies that
d 2 2 2 2 2
= (@I + 192 12) < (l®I? + 1Vu@1?) + g1

Then Lemma 5 follows from the above and Gronwall lemma. [

As a consequence of Lemma 5, we obtain the following global well-posedness result
for the BBM equation (see also [7]).

Lemma 6. Let g € L2 (R") and n<4. If uy € H'(R"), then the BBM equation (1)
has a unique global solution u € C([0, 00), H'(R")). Furthermore, the solutions are
continuous with respect to the initial data in H'(R").

By Lemma 6, we can define a continuous dynamical system S(¢);>0 such that for
each 1 >0, S(H)up = u(t), where u(t) is the solution of the BBM equation. In the
remaining sections of the paper, we will discuss the asymptotic behavior of S(#);>0
when t — oo.

4. Uniform estimates in time

In this section, we derive the uniform estimates of the solutions when t — oo.
As we will see later, the biggest obstacle in proving the uniform boundedness of the
orbits comes from the possible concentration of L? mass around low frequencies. In
order to prevent the buildup of low frequency mass, we impose the following technical
condition on g: there exists i > 0 and a constant G, so that for every é < 1:

I Psgll 2 <G>, (19)

Remark. The following argument shows that (19) is satisfied for sufficiently decaying
g, with [¢ =0 (i.e. g(0) =0). Indeed, we have

I Psgll?
2

1
=/ g1 dé= I§(é)—§(0)|2dé</ / IVeg(zO)|dz| |E7dé¢
[E]~0 0 [&l~o |Jo

[El~

2
<ont? sup Vg (&P S0 2 gll oo SO ( / |x||g<x>|dx) :
[cl<1

As a consequence, (19) is satisfied for all g with (¢ =0 and [ |x|[g(x)|dx < oo.
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In order to establish the uniform bounds of the solutions, we need to decompose the
solution as a sum of its low frequencies and high frequencies, and estimate the low
frequencies and high frequencies separately. We first estimate the low frequencies in
the next section.

4.1. Estimates on low frequencies of solutions

In the sequel, we derive the uniform estimates on the low frequencies of the solutions.
For convenience, we introduce the following functionals: for u € H'(R"),

1(u>=f<u2+|w|2>dx,
and for each < 1:
Is(u) = /(|u5|2 + | Vug|?) dx.

If u is the solution of the BBM equation, then we define the maximal energy functionals

J(T)= sup [I(u(®)), (20)
0<t<T
and
J5(T) = sup I5(u(1)). (21
0<t<T

For the low frequencies of the solutions, we have the following estimates.

Lemma 7. Assume that (19) holds and g € LZ(R"), n =3 or 4. Then for each 5y <1,
the following inequality holds:

2—
J<5o(T) << 5,0) + C3 > 12T + €, G, (22)

where G is the constant in (19), C, depends on v, C, , depends on v and p.

Proof. Fix 0<dp. Then applying the Littlewood—Paley projection Ps to (1), we find

1d
> El(s + v/ IVu(3|2dx +f (div (u + %u2>6> usdx = /g(sug dx.
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We estimate the various terms arising in the above energy equation. We first have

1
v/ |Vu5|2dx>v52/8/ |u5|2dx+v/2/ |Vu5|2dx>§v52]5(t).
For the next term in the energy equation, we obtain
1
< Z

1 .
‘ [inGudrsmsdx| < 3 avas] tusliao

(uz)(s‘

Lolesle

S O D) ol 2 S8 Ml gl 2 S0 P 1),

In the string of inequalities above, we have used the Cauchy—Schwartz inequality, the
fact that Hdiv 116/2 < 1€ <26} || 12 L2§5 and the Bernstein inequality. For the term arising
from the forcing term, by (19) we get

‘/ gsusdx

Putting everything together yields the differential inequality:

62
<llgsl 2 llusll 2 <GO* Y I5(1) <AG2y 15?2 4 T s

1d 1
——I5+

o Eva% <COPHP2 1) 4 4GP 1922,

Multiplying both sides by e"’1/8 and integrating in time yields

Is() <e "3 I50) + Cv 1821 sup 1@y + 64G2 26,
o< <t

By (20) and (21), it follows from the above that
Js(T)<I5(0) + Cv='">71 13/2(T) + 645**v2G>.

Taking a dyadic sum on both sides of the inequality in d <Jp, then Lemma 7 follows.
O

4.2. Estimates on high frequencies of solutions

In the sequel, we derive the uniform estimates on the high frequencies of the solu-
tions. More precisely, we prove the following inequality.
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Lemma 8. Let g € L>(R"), n =3 or 4. Then for each o> 1, the following inequality
holds:

2— _
T 0 (T) <125, (0) + Cu3y 2 132(T) + Cylig 1765, (23)
where C, is a constant depending on v.

Proof. Take the Littlewood-Paley projection P s, on both sides of (1). We find

1 d 2 . 1 2
EE12(30(1)+v/|w250| dx—i—/dzv (u+§u )2501@50‘1}‘

:/g;éob(;o dx. (24)

By Fourier support considerations, one has

2 V33
v | Vi, dx>?1250.

Since [ div(u?)udx = 0, one has by the Bernstein inequality

'/ div (%uz) - us s, dx

1
=3 ‘/div(uz)ggoug(jo dx

. 2
< Hdzv(u )ga‘o‘ﬁ ||”<50HL2
21 241
< oMt < | Jucanl o< Oy PR
Finally,
‘/g»ov%odx g||g||L2||v250||L2<||g||L2m§4||g||izv_1562+%v5(2)1250(1‘).

Substituting the above estimates into (24), we get

d 241 N
5,0+ 0315 5, <COPH () + 8971552 11g 112,

which implies Lemma 8. O

4.3. Uniform estimates

We are now in a position to show that the solutions are uniformly bounded in time,
that is, we have the following estimates.
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Lemma 9. Assume that (19) holds and g € L*(R"), n = 3 or 4. Then the solutions
of the BBM equation are uniformly bounded in time for small forcing term g. More
precisely, for every constant R, there exists € = (R, v, 1), so that if |lugll g1 <R and

gl +G<e,
where G is the constant in (19), then for all t >0:

@) g <2(1 4 R?).

Proof. By Lemmas 7 and 8 we obtain: for every ¢ >0,

JO<I©) + Cyoy > () + € WGP+ Cyllgl2. 05, (25)

Let

1
T 14+8C2(1 + R’

1
T 8C2(1+R2)’

it

8o

Then we see 6p<1 and 50§5. Take ¢ small enough such that

1
2<

PN o 4
2(Cyp+ Cuy ™)

Next, we prove J (1) <2(1 + R2) for all +>0. To this end, we denote by
T =sup{r=0: J(#)<2(1 + R%)).

Clearly, T > 0. We now show that T = oo. If T < oo, then by the definition we find
J(T) = 2(1 + R?). In this case, (25) implies that

242R* < 10) + €02 (1 + R + (Cyp+ Cu0p e
~1/2
< R +C3 7+ R +1<3 1R,
It then follows that %go, a contradiction which demonstrates 7' = oo and therefore
J()<2(1 + R?) for all r>0. O

5. Existence of attractors

In this section, we establish the existence of attractors for the dynamical system
S(#)r>0. It is known that an attractor exists if S(¢); >0 is point dissipative and asymp-
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totic compact. The point dissipativeness of S(f); >0 is implied by Lemma 9. In what
follows, we show the asymptotic compactness of the solutions.

It follows from Lemma 4 that the precompactness in H'! of a bounded sequence
uy, (t,) is implied by the following two conditions:

0—-0 N—oo =00 n

lim sup lim sup lim sup sup / (IP> (5un(t)|2 + VP 5u,,(t)|2)dx =0, (26)
|x|>N
lim sup lim sup sup /(|P>Nun(t)|2 + VP yun@)?) dx = 0. (27)
N—o0 —>0o0 n

In the sequel, we first prove (26) and then verify (27) when the forcing term g is small
enough.

5.1. Uniform smallness on the complements of large balls

In this subsection, we verify the validity of (26) under the smallness condition on
g. Consider the following energy functional E g s:forueH L(R3):

1
BNy = 3 [ g+ 1V o e /) i,

where y is a smooth cut-off function such that 0<<y<1 and y(x) = 0 for |x|<I;
7(x) =1 for |x| > 2. We now estimate E ﬁ s as follows. By the definition we have

%Egé(t) = /(u>56tu>5 + (Vs g, Vorus ) y(x/N) dx
= v/u>5(A(1 — N7 u5)y(x/N) dx (28)
+v/(Vu>(g,A(l — A7 'Vus 5)(x/N)dx (29)
- / ws s div(l — A)~! <u n %uz) /Ny dx (30)

—/(Vu>5, Vdiv(l — A)~! (u + %u2>>6)}((x/N) dx (31)

+/u>5(1 — N7 gz s7(x/N) dx (32)

+/<w>(5, (1 —A)"'Vgss)u(x/N)dx. (33)
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By the identity A(1 — A)~! = —1+ (1 —A)~!, (29) can be rewritten as
vf(Vu>5,A(1 — A"V 5)y(x/N) dx
= —v/(Vu >8> Vs s)x(x/N)dx + v/(Vu>5, 1- A)71Vu>5);((x/N) dx
= v [ 1V sPre/Nydx = v [ oA = 87wz (/N d
o [ ot = 07 Vs, V)
which implies
v/(Vu>5, Al — A)_IVu>5)x(x/N) dx + v/u>5(A(1 - A)_1u>5);{(x/N)dx
= —v/ |Vu>5|2)((x/N)dx — %/u%;((l — A)71Vu>5, Vy(x/N))dx. (34)
Similarly, for (31) we have
/(W» Vdiv(l — A)~! (u n %u2> _ /Ny dx
= —/u>5 <A(1 — A div (u + %uz) >6> y(x/N)dx
—%/u%(vaﬁv(l —A)! (u n %u2> L Vy(x/N)) dx
)
— /u>5 div (u + %u2> 1N dx

—/u>5div(1 —A7! (u + %u2)>

=

5}((x/N) dx

1 . —1 1.2
_N/.u>5(dev(l —A) <u+§u )>

>

5’ Vy(x/N))dx,
which shows

/(W» Y div(l — A)~! (u + %uz) _ 10/ dx

+/u>5div(1 — 87 (u+du?)pe/N)dx
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- i 1,2 )
= /u>5dzv (u + 5u )264(x/N)dx
1 u>Mdea-—Ar4(u+luﬂ Vy(x/N))dx. (35)
N = 2 2(3 ’ v
For the terms containing the forcing function, we obtain
/u>5(1 ~ A7 'gzsx(x/N)dx + /(Vu>5, (1= 8)7'Vg2 g)x(x/N) dx
1
=/u>5g>5X(X/N)dx—N/M>5<V(1 — N7 "¢z, Vix/N)) dx.  (36)

It follows from (28)—(36) that

d N 2
EE>5(t) +v | [Vussl"x(x/N)dx

V —
- —N/u>5<v(1 = &) Nz, Vi(x/N)) dx
_/u>5div (4 3u2) 2o/ dx
1 . —1 15
+o [ uss(Vdiv(l =N (utsu ) Vix/N)) dx
+/u>5g>5x(X/N)dx

1
-V / uss(V(l— A g5, Vix/N)) dx. (37)

By Corollary 2, we find

/ [Vus 5121 (x/N) dx > 8 / lus 5% 7(x/N) dx — ull3,1.

fv252|

Next, all terms containing the good term N~! in front of them are easily estimated by
Cauchy—Schwartz and Sobolev embeddings by

C,
o (Wl 1+ gl ).
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Therefore, it follows from (37) that

d N 2N . 1.2
$E>5(t)+cv5 ESs < —/u>5dlv(u+§u )>5x(x/N)dx

+ [ Uss8>1(x/N)dx

v

C
v (el + 1l + gl ) - 38)

For the forcing term, we have

‘/ uss58>s7(x/N)dx

<JEY, f S ()7(x/N) dx

cvd? N 1

2
<T >5+m||8>5”m(|x|>m'

The estimate on fu>5div(u2)>5x(x/N)dx is a little more intricate. We write
/u>5div(u2)>5}((x/N)dx
- / (1 — u_y) div(u® = () _)7(x/N) dx
- _ﬁ u’ divy(x/N) dx—fudiv((u2)<(5);{(x/N) dx
—/u<5div(u2)}5(x/N)dx+/u<(5div(u2)<5}((x/N)dx.

The first term above is estimated by Sobolev embedding by %Hu”i]l. For the second
term, we have by Cauchy—Schwartz and the Bernstein inequality:

Shullz»

div((i®) <))

‘ f udiv(®) .5)(x/N) dx S8 )3 5.

L2

Clearly, the fourth term can be estimated analogously. For the third term, integration
by parts allows us to estimate

‘ / ucydiva)y(x/NYdx| < IVuslps |u? |+ N7 ol |u?| |
< O, + AN w3,



M. Stanislavova et al. / J. Differential Equations 219 (2005) 451-483 471

Plugging the above estimates into (38) we find

d cvd? C
G ELs 0+ EY s < o (el i) 407l

Cy 2
+5_2 ”g>5 ||L2(|x|>N)'
Then Lemma 9 and Gronwall lemma imply (26).
5.2. Uniform continuity in H'

We now verify (27) under the smallness condition on g. Notice that for large N:

/|Vu>N|2dx>/|u>N|2dx.

Therefore, when N is sufficiently large, (27) is equivalent to the following:
1 5 . o
Jon(@) = 5 [Vu-n(t)|"dx — 0 uniformly in time as N — oo. 39)

In what follows, we check the validity of (39). Before doing that, we need the following
inequality which is concerned with the cut-off of the nonlinear term in the equation.

Lemma 10. For every positive integer I, we have

<C272ul3, .

oo

L2(R3)
where C is a constant independent of 1.

Proof. For simplicity, we will write Pyu as u; etc., in the sequel. Note that

Py (u®) =) Por(ugitm), (40)

k,m

where all the terms satisfying max(k, m) <I—3 are zero, and so are the terms satisfying
both min(k, m)>1+ 2 and |k —m|>2. Thus, we only need to consider the following
two types of terms:

high—low interaction: Z Py (uuy,),
k,m:lk—1|<3,m<k

high—high interaction: Z Py (uguy,).
k,m:lk—m| <2,min(k,m) =142
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For the high—-low interactions, by the Bernstein inequality, we have

> Py (uium)

k.m: k=1 <3,m<k L2

Slursecrislle Y Nl

m<I43
-l 3m/2
SV 3 aysll227 Y7 2Pl
m<I[+3
1/2 1/2
-1 2 2 —1/2 2
SIval 27 Y7 2 D 2wl | S22V @D
m<[+3 m<[+3

For the high-high interaction, we get by the Bernstein inequality

> Py ()

k,m:|k—m|<2,min(k,m) =142 12
31/2
<2 / Z ”le(“kum)”Ll
k,m:lk—m|<2,min(k,m) >1+2
31/2
<2 > loagel 2 et |l .2
k,m:lk—m| <2,min(k,m) > 1+2
312 —2k —1/2 2
S22 N 2 Vi 2 | V2 <<k || 2 527 P Nl (42)
k>1+2

Then it follows from (40)—(42) that

2712 w2

2
”PZI(M )‘LZ(R3)N H

which implies Lemma 10. O

We are now in a position to prove (39) by using Lemma 10. By Eq. (1) we find

6,J>N = /(VM>N,V5,M>N) dx

= v/(Vu>N, VA — A lus ) dx
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—/<vu>NdivV(1—A)—1 <u+%u2> >dx
>N
+ [ (i (= 97 gy (43)

Next, we estimate each term on the right-hand side of (43). The first term on the
right-hand side of (43) is bounded by

2
L

v/(Vu>N, VAU=8) ") dr=—v[V=AA=8) Vi y || S—vIVuon )2, (@4)

By Lemma 10 and divV(1 —A)~! : L> — L?, the second term on the right-hand side
of (43) is bounded by

Vs nllz2

divV(l — A7 W)=y ”L2 SCllull g

@], <ONTPYul,. @)

For the forcing g, we have

’f<w>N, (1=A) " gon) dx | < IVusn 2 1(1=A) " gonll 2 SN lull g llgll 2. (46)

It follows from (43)—(46) and Lemma 9 that, for N > 1:

d ~12
EJ>N(t)+2VJ>N(t)§CN .

Then, by Gronwall’s lemma, we get, for all #>0:
Jon®)<e oy (0) + CN™'2,

which implies (39). The proof is complete.
Next, we establish the asymptotic compactness of the solutions which follows im-
mediately from (26) and (27).

Lemma 11. Given R > 0. Let ¢ = &(R, v, 1) be the constant in Lemma 9. Assume that
ty = 00, upllgt <R and ||gll;2+ G <e&. Then {S(t,)u,} has a convergent subsequence
in HY(R3).

Proof. We check the conditions of Lemma 4 for the sequence {S(t,)u,}. By Lemma
9 we know {S(#,;)u,} is bounded in H'(R?), and by (26) and (27) we find {S(#;)un}
satisfies (14) and (15). Therefore, it follows from Lemma 4 that {S(#,)u,} is precompact.

O
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We are now ready to show one of our main results, i.e., the existence of attractors
for the dynamical system S(¢);>0.

Theorem 3. Given a ball B = {u € H'(R?) : |lul ;1 <R}. Let ¢ = &(R, v, p) be the
constant in Lemma 9. If ||g|l;2 + G <e, then S(t);>0 has an attractor A in H'(R3)
which is a compact invariant set and attracts every bounded subset of B with respect
to the norm topology of H'(R3).

Proof. By Lemma 9 we see S(t);>0 is point dissipative in H L(R3), and by Lemma
11 we know S(t);>0 is asymptotic compact. Therefore it follows from a standard
result (see, e.g., [9,10,29,30,45]) that S(#);>0 has an attractor in B. The proof is
complete. [J

6. Regularity of attractors

In this section, we establish the regularity of attractors. More precisely, we prove
that attractor A in H'(R?) is actually a bounded subset of H 2(R3). For that purpose,
we decompose the high-frequency of the solution into two parts: one part is bounded
in H>(R?) and the other is asymptotically null as  — oo.

In what follows, we denote by y the characteristic function of the unit ball in R3.
Given a number N > 0, let Py be the projection operator from L?(R%) to L?(R?)
defined by

Puu(® = ¢ (%) PO,

For convenience, we also denote by Oy = I — Py. Note that the projection opera-
tor defined above is different from the Littlewood—Paley projection operator given in
Section 2.

We now decompose the solution into its low-frequency and high-frequency parts.
Given ug € H'(R?), let u(t) = S(t)ug, p(t) = Pyu(t) and ¢(t) = Qyu(t). It is clear
u(t) = p(t) + q(t). We further split the high-frequency ¢ as g(¢) = y(t) + z(¢) where
y is the solution of the following initial value problem:

yi — Ay —vAy +div(y) + On ((p + y) div(p + y)) = Ong, 47)
y(0) =0. (48)

The following lemma shows that problem (47)—(48) is well-posed.

Lemma 12. Assume g € L2(R3) and ug € H'(R?). Then for every N > 0, there exists
a unique solution y of problem (47)—(48) such that y € C([0, 00), OQn H'(R?)).
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Proof. The proof of this lemma is similar to that of well-posedness of the BBM
equation (1), and therefore the details are omitted here. [

In the following, we derive estimates on y when ug € A, the attractor, and show
that y(r) (t>0) is bounded in H*(R%). If ug € A, then by the invariance of A, we
have u(t) = S(t)ug € A for all ¢t >0. Therefore, there exists a constant C depending
on v and g (but independent of N) such that, for all >0,

lu @)l g1 <C, (49)
and
lgOlgp <C,  NIpOIg <C,  IpO g2 < CN. (50)

We now derive the estimates for y in H'(R?).

Lemma 13. Assume g € L2(R?) and ug € A. Then there exists Ny depending on v
and g such that for all N > Ny and t >0, the solution y of problem (47)—(48) satisfies

Ol g <C,

where C depends only on v and g.

Proof. Multiplying (47) by y and then integrating, we get

| =

d .
G4 19yP) £ vy = [ gvar— [ s+ yavp+yax 6D
t R3 R3

Next, we estimate each term on the right-hand side of (51). The first term on the
right-hand side of (51) is bounded by

foo
R3

Notice that the second term on the right-hand side of (51) can be rewritten as

<lIghlyl <CIN~HIVyI<C + N2 Vy|%. (52)

/ y(p +y)div(p+y)dx
R3

= /R3 py div(p) dx —I—/m y2 div(y)dx +L3ydiv(py) dx. (53)
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For the first term on the right-hand side of (53), by (50) we have

1
< IPIEIVYISCulpIZ 9y

1
‘/ pydiv(p)dx| = '_f p? div(y) dx
R3 2 R3

1
< Gl VYI<C+ Iy,
The second term on the right-hand side of (53) is actually zero:
2 g 1 L3
yodiv(y)dx = = div(y’)dx = 0.
R3 3 R3
By (50), the last term on the right-hand side of (53) is bounded by

<CilipllslylizIVyll

/ ydiv(py)dx| = ' / py div(y) dx
R3 R3

1 3 _1
< Glpllg IyIZIVYIZ <CNTZ|Vy|2.

It follows from (53)—(56) that
1
fm Y(p+ ) div(p +y)dx <C + CN"7 | Vy| + ZVIIVyIIZ-

From (51), (52) and (57) we find

1d
2dt

Let No = max{l, 16((’;—;1)2). Then for all N >Ny we get
< (P + 19y IP) vy <C
Since y € QNHI(R3), the following inequality holds, for N > Ny,
WV VIV IR+ NIy 3 (19512 + 512)
By (58)—(59) we obtain, for all >0 and N > N,
© (1124 1931) + 30 (1951 + 1517) <C.
di y y ) y y S

Then Lemma 13 follows from (48) and Gronwall’s lemma.

1 - 1
52 (612 1V312) +vIVYIP<C + (N2 + N72) V312 + vV,

(54)

(55)

(56)

(57)

(58)

(59)
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Lemma 14. Assume g € L>(R®) and uy € A. Then there exists Ny depending on v
and g such that for all N > Ny and t >0, the solution y of problem (47)—(48) satisfies

IyO)II2, <C(1 + N),

where C depends only on v and g, but not on N.

Proof. Multiplying (47) by —Ay and then integrating, we find

d
S IVYIPHIAY D+ Ay |P=— fR (8 Ay dx+t /R (P div(p+y) Ay dx. (60)

N —

The first term on the right-hand side of (60) is bounded by

’/ g Ay dx
R3

For the second term on the right-hand side of (61), we have the following identity:

<lgll 1Ay <C + SvllAy)?. (61)

/ (p+y)divip+y) Ay dx = / pdiv(p) Ay dx +/ ydiv(y) Ay dx
R3 R3 R3

+f div(py) Ay dx. (62)
R3

Next, we estimate each term on the right-hand side of (62). By (50), we find the
following bound for the first term on the right-hand side of (62):

3 1
< liplls Idivip)lis 1AYI<Cillpli Pl 1AV

‘/ pdiv(p) Ay dx
R3

1 1
< CINZ|pl3, 1Ay SCaN2 Ay ||
< CN + pvllayl®. (63)

By Lemma 13, we see the second term on the right-hand side of (62) satisfies

3 3
'/113 ydiv(y) Ay dx| < llylle Idiviy)li3 IAYI<Cillyll IAYII2

3
< GCollAy)12 <C + LvllAyl?, (64)

for N > Nog where Ny is the constant in Lemma 13. Similarly, we also have

<C+CN + $vlAy* (65)

/ div(py) Ay dx
R3
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By (62)—(65) we see there exists a constant C, depending on v and g, such that

/R3(p-l-y)div(p+y) Ay dx| <C+CN + 2v]|Ay|*. (66)
It follows from (60), (61) and (66) that, for all >0,
d 2 2 2
E(IIVyII + 1AYII9) + v Ay[*<C + CN. (67)
Since
VIIAYI? = vl AYI? 4+ SN[V |2 = 2v(IVyII2 + A1), (68)

for N>N; = C;'/%. Let Ny = max{Np, Ni}. Then from (67)—(68) we get, for all
N2>=N; and t >0,

d 1
E(IIVyIIZ + 1Ay + Ev(nVyn2 + AyI>)<C +CN,

which and Gronwall’s lemma imply Lemma 14. [J
Projecting Eq. (47) onto Oy H'(R?), we find that ¢ = Qyu satisfies
qr — Aqr — vAq + div(g) + On ((p + q) div(p + q)) = Ong, (69)
q(0) = Qnuo. (70)
Then from (69) and (47), it follows that z = g — y satisfies
7 — Az —VvAZ +div(z) = —On (zdiv(q) + y div(z) + div(pz)), (71)
z2(0) = Onuo. (72)

In the sequel, we show z converges to zero as ¢ goes to infinity, more precisely, we
have the following lemma.

Lemma 15. Assume g € L2*(R®) and ug € A. Then there exists Ny depending
on v and g such that for all N> Ny and t >0, the solution z of problem (71)—(72)
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satisfies

_1
lz@)I3; <Ce™2",

where C depends only on v and g.
Proof. Multiplying (71) by z and then integrating, we get

1d
= —(lzIP+IVzIH+IVz)? = — / 22 div(q) dx— f yzdiv(z) dx
2 dt R3 R3
—/ zdiv(pz) dx. (73)
R3

For the first term on the right-hand side of (73), by (50), we have the following
estimates:

. . _1
/ 2 div(g) dx| <23 Idiv@) | < Cillgl g 12075 <CaNT2 Vel (74)
R‘

Similarly, the last two terms on the right-hand side of (73) are also bounded by
C,N~7||Vz||. Then it follows from (73)~(74) that

|

_1
UzI? 4+ 1IVzlI?) + vIVzII* <C3N "2 || Vz||%. (75)

| =
U

t

2
Let N>N;| = 4%. Then we find, for N >N; and >0,

d
E(Ilzllz +1IVzI?) + vIIVz|? <O0.
Again, by
IVzII>= 2IVzl* + CaN? izl = Szl + 11z, (76)

for N>N, = (2C4)’%. Let N3 = max{Np, N2}. By (75)—(76) we get, for all N > N3
and t >0,

d 1
E(nzn2 + vzl + 5v<||z||2 + 1z 1% <0.

Then Lemma 15 follows. [
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Next, we show that the attractor is bounded in H>(R?). For that purpose, we split
the semigroup S(f); >0 as S(t) = S1(¢) + S2(¢). Given ug € H'(R3), for each 1 >0, we
define

Si(Dug = p(t) + (1), S2()up = z(1),

where p(t) = Pyu(t) = PyS(t)ug, y(t) is the solution of problem (47)—(48), and z(¢)
is the solution of problem (71)—(72). It is evident that

S@) = S1(t) + S2(r), t=0. 77

We are now ready to prove the regularity of the attractor.

Proof of Theorem 2. Assume u € A and t, — co. Then by the invariance of A, there
exists a sequence {u,} C A such that

u=S(t,u, foral n>1.
By (77) we find
u=S;(t)u, + S2(t,)u, for all n>1. (78)

From Lemma 14 we see there exist C and Ny depending only on v and g such that

1
181 (t)unll g2 <C + CNyy . (79)

Therefore, there exist subsequences of u, and f, (still denoted by u, and ¢,) and
v e HZ(R3) such that

Si(t))un, — v weakly in H*(R?). (80)
Moreover, we have
1
vl g2 < liminf || Sy (6)unll g2 <C (1 + N02> . (81)
n—oo

Consider now ¢ € H L(R3). From (78), we have

(u, @) = (S1(t)un, §) + (S2(tn)un, P),
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where (-, -) denotes the inner product of H L(RY). Taking the limit as n — oo, by (80)
and Lemma 15, we get (u, ¢) = (v, ¢) for every ¢ € H'(R?), which implies u = v.
Then, it follows from (81) that u = v € H*(R?) and

1
lull g <C (1 + N02> .
The proof is complete. [
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